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Abstract
This paper studies the Pliable Index CODing problem (PICOD), which models content-type distri-
bution networks. In the PICODptq problem there are m messages, n users and each user has a distinct
message side information set, as in the classical Index Coding problem (IC). Differently from IC, where
each user has a pre-specified set of messages to decode, in the PICODptq a user is “pliable” and is
satisfied if it can decode any t messages that are not in its side information set. The goal is to find a code
with the shortest length that satisfies all the users. This flexibility in determining the desired message
sets makes the PICODptq behave quite differently compared to the IC, and its analysis challenging.
This paper mainly focuses on the complete–S PICODptq with m messages, where the set S Ă rms
contains the sizes of the side information sets, and the number of users is n “ řsPS `ms ˘, with no
two users having the same side information set. Capacity results are shown for: (i) the consecutive
complete–S PICODptq, where S “ rsmin : smaxs for some 0 ď smin ď smax ď m ´ t, and (ii)
the complement-consecutive complete–S PICODptq, where S “ r0 : m ´ tszrsmin : smaxs, for some
0 ă smin ď smax ă m ´ t. The novel converse proof is inspired by combinatorial design techniques
and the key insight is to consider all messages that a user can eventually decode successfully, even
those in excess of the t required ones. This allows one to circumvent the need to consider all possible
desired message set assignments at the users in order to find the one that leads to the shortest code
length. The core of the novel proof is to solve the critical complete–S PICODptq with m “ 2s ` t
messages and S “ tsu, by showing the existence of a user who can decode s` t messages regardless
of the desired message set assignment. All other tight converse results for the complete–S PICODptq
can be deduced from this critical case. The converse results show the information theoretic optimality
0This work was presented in part at ITW 2017 and ITW 2018. The work of the authors was partially funded by NSF under
award number 1527059. The contents of this article are solely the responsibility of the author and do not necessarily represent
the official views of the NSF.
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2of simple linear coding schemes. By similar reasoning, all complete–S PICODptq where the number of
messages is m ď 5 can be solved.
In addition, tight converse results are also shown for those PICODp1q with circular-arc network
topology hypergraph.
I. INTRODUCTION
A. Motivation
The broadcast channel with message side information at the receivers has became a critical
model to understand the full potential of wireless communication networks as it models, for
example, the downlink of the two-way relay channel [1]. Not even the capacity of the general
broadcast channel without receiver side information is known. Therefore, some practically moti-
vated and reasonably simple models are of interest when message side information at the receivers
is considered. Index coding (IC) is one such model. First proposed in [3] when considering
satellite communication, the IC consists of one transmitter with m independent messages to be
delivered to n users through an error-free broadcast link. Each user has some messages as side
information available to it and needs to reliably decode some messages that are not in its side
information set; the desired messages for each user are pre-determined. In IC, one asks what
is the minimum number of transmissions (i.e., minimum code length) such that every user is
able to decode its desired messages successfully [2]. Compared to the general broadcast channel
with side information at the users, the IC appears simple because: 1) the channel is noiseless,
and 2) the side information sets are proper subsets of the whole message set. The IC focuses
on the benefits / transmitter encoding opportunities brought by the different side information
sets at the users. However, the general IC is still open. When one restricts attention to linear
codes, the optimal code length is fully characterized by the so-called minrank problem, which
is NP-complete in general [2]. In [9] it is proved that the IC, which is a special network coding
problem, is in fact equivalent to the general network coding problem. Therefore, as for network
coding, for IC linear schemes are not sufficient [8] and non-Shannon type of inequality are
necessary [12].
The IC problem models scenarios where the transmitter can do encoding based on the side
information sets and on fixed desired message sets for the users. In practice, there may be
flexibility in choosing the desired message sets. For example, in a music streaming service,
users do not know which song will be played next; they are usually only guaranteed that it will
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3be one from a certain group and not repeated. In online advertisement systems, the clients do
not require a specific advertisement to see; it is the distributor who chooses what will be put on
the clients’ screens; the distributor might want to avoid repeating the same advertisement at the
same client, as it might decrease the client’s satisfaction. These scenarios can be modeled as a
variant of the IC where the users are satisfied by any message that is not in its side information
set, instead of a specific one as in the original IC setting. The transmitter thus has the freedom
to choose the messages conveyed to the users so to minimize the transmission duration, or code
length.
In this paper, we study this variant of IC known as Pliable Index CODing (PICOD), firstly
proposed in [4]. The PICODptq and the IC share many attributes. In the PICODptq, one still has
a single transmitter with m message and n users with message side information. The transmitter
and users are connected via a shared noiseless rate-limited broadcast channel. The only major
difference is that for the PICODptq the desired message sets at the users are not pre-determined
and each user is satisfied whenever it can decode any t messages not in its side information set.
This provides the transmitter more encoding opportunities, as it now encodes based on its own
choice of desired message sets for the users, by knowing the message side information sets at
each user. The goal in the PICODptq is to find the desired message set assignment that leads to
the smallest possible code length.
B. Past Work on PICOD
As one would expect, the extra freedom of choosing the desired message sets in the PICODptq
significantly reduces the number of transmissions / code length compared to the classical IC
with the same number of messages, number of users, and message side information sets. In [4],
when all side information sets are of size s ď m ´ t, it showed that there exits a code of
length Opmintt logpnq, t ` log2pnquq for the PICODptq. When there is no constraint on the
size of side information sets, and m “ Opnδq for some constant positive δ, a code length
of Opmintt log2pnq, t logpnq ` log3pnquq is achievable [4]. Recently in [11], a deterministic
polynomial time algorithm was proposed to achieve a code length of Oplog2pnqq for t “ 1 and
of Opt logpnq` log2pnqq otherwise. Those results show an exponential code length reduction for
the PICODptq compared to the IC [4].
An interesting model proposed in [4] is the so-called oblivious PICODptq. In the oblivious
PICODptq the transmitter does not know the specific side information sets at the users. The
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4transmitter only has knowledge of the sizes of the side information sets. In [4], [6] the authors
proved that for the oblivious PICODptq at least a fraction 1{e of the remained unsatisfied users
can be satisfied at each new transmission. This shows that there exists an achievable scheme
where the code length is the logarithm of the number of users in the system, which is an
exponential improvement in the number of transmissions compared to the IC.
Known achievable schemes for the PICODptq are based on linear codes only, and very few
converse results are available. To the best of our knowledge, all converse proofs show bounds
under the constraint that the code used is linear. For the oblivious PICODptq, the optimal code
length under the restriction that the transmitter can only use linear schemes is shown in [4,
Theorem 9]. In [11], the authors provide a worst case instance that needs Ωplogpnqq code length
for linear codes. The objective of this paper is to prove information theoretic converse results
for some classes of the PICODptq without any restrictions of the class of codes used at the
transmitter.
C. Contributions
In this paper we derive tight information theoretic converse bounds for some PICODptq prob-
lems based on the structure of the side information sets, namely: (i) the complete-S PICODptq,
and (ii) the PICODptq with a circular-arc network topology hypergraph.
The complete–S PICODptq, where S is a subset of r0 : m ´ ts (where m is the number of
messages at the transmitter and t the number of messages to be decoded), is a system where all
side information sets / users with size indexed by S are present. We say that S is consecutive
if S “ rsmin : smaxs for some 0 ď smin ď smax ď m ´ t, which is also known as the oblivious
PICODptq in [4]. In [4] the authors derived tight converse bounds for the oblivious PICODptq
when the coding scheme is restricted to be a linear code. In this work, we aim to provide tight
information theoretic converse bounds, i.e., without any restriction on the coding scheme being
used, on the same model. Our complete–S PICODptq setting actually includes and expands on
the oblivious PICODptq setting studied in [4], and our results show the unrestricted optimality
of linear codes.
Our converse is based on showing the existence of at least one special user who can decode
a certain number of messages outside its side information set; the stumbling block in previous
approaches was how to find such a special user. The problem of finding the special user can
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5be approached in two ways: 1) constructively finding such a special user for each choices of
desired messages, or 2) implicitly proving its existence. In this work we use both methods.
Constructive Method: For the complement-consecutive complete–S PICODptq, which is the
complete–S PICODptq with S “ r0 : m ´ tszrsmin : smaxs where 0 ă smin ď smax ă m ´ t, we
constructively find the special user that can decode |S| ` t ´ 1 messages, i.e., the one whose
side information set is empty.
Combinatorial Method: The constructive method is not amenable for the consecutive complete–
S PICODptq, which is the complete–S PICODptq with S “ rsmin : smaxs where 0 ď smin ď
smax ď m´ t, due to the large number of sub-cases / different desired message set assignments
that must be considered separately. Therefore for this case we propose a novel combinatorial
proof to show the existence of a special user. By not only focusing on the desired messages, but
on all the messages that a user is eventually able to decode, we consider the messages that a
user can eventually know as a block cover for this user’s side information set; the terminology
is borrowed fom the combinatorial design structure known as Steiner system [13]. We argue that
the absence of a special user leads to a contradiction in this block cover, and that therefore a
special user must exist. This new technique greatly reduces the complexity of the proof compared
to the constructive method and enables us to obtain a converse bound for a very general class
of complete–S PICODptq problems. The keystone of the proof is to show that, for the critical
complete–S PICODptq case with S “ tsu and m “ 2s` t, there must exist at least one user who
can decode s ` t messages. From this, the extension to the consecutive complete–S PICODptq
follows by enhancing the system to a critical one. By similar reasoning, all complete–S PICODptq
where the number of messages is m ď 5 can be solved.
The idea of showing the existence of a special user can also be used for the following PICODptq
problem–for a detailed definition please refers to Section VIII-A. For the case t “ 1 we show
a tight converse for those PICODp1q with circular-arc network topology hypergraph. For this
setting, when a 1-factor does not exist we show that the code length is at least two by finding
a user that can decode two messages.
D. Paper Organization
The rest of the paper is organized as follows: Section II introduces the system model and
related definitions; Section III presents the main results of this paper; Sections IV-VII present
converse proofs for some complete–S PICODptq problems and their optimality; Section VIII
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6shows the optimal information theoretic converse for the PICODp1q with circular-arc network
topology hypergraph; Section IX concludes the paper and discusses future work; some proofs
can be found in Appendix.
E. Notation
Throughout the paper we use capital letters to denote sets, calligraphic letters for family of
sets, and lower case letters for elements in a set. The cardinality of the set A is denoted by |A|.
For integers a1, a2 we let ra1 : a2s :“ ta1, a1 ` 1, . . . , a2u for a1 ď a2 and ra2s :“ r1 : a2s for
a2 ě 1. A capital letter as a subscript denotes set of elements whose indices are in the set, i.e.,
WA :“ twa : w P W,a P Au. For two sets A and B, AzB is the set that consists all the elements
that are in A but not in B. Notations and nomenclature from graph theory will be introduced in
Section VIII.
II. SYSTEM MODEL
In a PICODptq system there is one server / transmitter and n P N clients / users; the user
set is denoted as U :“ tu1, u2, . . . , unu. The server is connected to all users via a rate-limited
noiseless broadcast channel. There are m P N independent and uniformly distributed binary
messages of κ P N bits each; the message set is denoted as W :“ tw1, w2, . . . , wmu. User ui
has a subset of the message set as its side information set Ai Ă rms, i P rns. The collection of
all side information sets is denoted as A :“ tA1, A2, . . . , Anu; A is assumed globally known at
the transmitter and all users.
The server broadcasts to the users a codeword of length `κ bits, which is a function of the
message set W and the collection of all side information sets A, i.e., for some function ENC
we have
x`κ “ ENCpW,Aq. (1)
Each user decodes based on the received x`κ and its own side information set; for user uj, j P rns,
the decoding function is
t pwpjq1 , . . . , pwpjqt u “ DECjpWAj , x`κq. (2)
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7A code is said to be valid if and only if every user can successfully decode at least t messages
not in its side information set, i.e., the decoding functions tDECj, @j P rnsu are such that
Pr
”
Dtdj,1, . . . , dj,tu X Aj “ H : t pwpjq1 , . . . , pwpjqt u ‰ twdj,1 , . . . , wdj,tu for some j P rnsı ď ,
(3)
for some  P p0, 1q. For a valid code, t pwpjq1 , . . . , pwpjqt u “ twdj,1 , . . . , wdj,tu is called the desired
message set for user uj, j P rns, and the indices of the desired messages are denoted as
Dj :“ tdj,1, . . . , dj,tu where Dj X Aj “ H, @j P rns. The choice of desired messages for the
users is denoted as D “ tD1, D2, . . . Dnu. The goal is to find a valid code with minimum length
`˚ :“ mint` : D a valid code of length `κ, for some κu. (4)
In the following we shall mainly focus on the complete–S PICODptq, for a given set S Ď
r0 : m ´ ts. In this system, there are n :“ řsPS `ms ˘ users, where no two users have the same
side information set. In other words, all possible users with distinct side information sets that
are subsets of size s of the message set, for all s P S, are present in the complete–S PICODptq.
III. MAIN RESULTS AND DISCUSSION
This section summarizes our main results and comments on their proof techniques, their
relationship with past work, and their implications. We start with a simple achievable scheme
based on linear codes, in Section III-A. The main contribution of the paper is converse bounds on
the optimal code length for the two broad families of PICODptq: (i) some complete-S PICODptq,
where S is nonempty subset of r0 : m´ts, in Section III-B, and (ii) the PICODp1q with circular-
arc network topology hypergraph in Section III-C.
A. Achievability
We give next an achievable scheme for the general complete–S PICODptq based on linear
codes.
Proposition 1 (Achievable Scheme). Let S by a partition of S, i.e., S “ YiPr|S|sSi and SiXSj “
H for all i, j P r|S|s such that i ‰ j. The optimal code length for the complete–S PICODptq
with m messages is upper bounded by
`˚ ď
ÿ
iPr|S|s
min
"
m´min
sPSi
tsu,max
sPSi
tsu ` t
*
. (5)
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8By minimizing over all possible partitions S, we have
`˚ ď min
S
ÿ
iPr|S|s
min
"
m´min
sPSi
tsu,max
sPSi
tsu ` t
*
. (6)
The proof is simple and can be deduced from Remark 1.
Remark 1. Proposition 1 is a generalization of the scheme proposed in [4] whose main idea is
as follows. Let smin and smax denote the smallest and largest size of the side information sets,
respectively. Transmitting smax` t messages one by one can satisfy all users since each user has
at most smax messages in its side information set. Transmitting m ´ smin linearly independent
linear combinations of the m messages also satisfies all users, as each user has at least smin
messages in its side information set. Therefore by choosing the best of these two linear codes,
we have `˚ ď mintsmax ` t,m´ sminu.
We generalize this idea for the complete–S PICODptq by partitioning S into the collection S
and by satisfying the users in each Si P S by using the above scheme. The total code length is
the sum of the length of the code used in each partition. Finally, the shortest code length this
scheme can achieve is given by searching the best possible partition of S.
B. Converse for some complete–S PICODptq problems
We show that for two choices of S the achievability in Proposition 1 is information theoretic
optimal.
Theorem 1 (Converse for the complement-consecutive complete–S PICODptq). For the complete–
S PICODptq with m messages and S “ r0 : m´tszrsmin : smaxs “ r0 : smin´1sYrsmax`1 : m´ts
for some 0 ă smin ď smax ă m ´ t (note that the set S includes elements 0 and m ´ t), the
optimal code length is
`˚ “ mintm,m` t` smin ´ smax ´ 2u “ mintm, |S| ` 2t´ 2u. (7)
The proof of Theorem 1 can be found in Section IV.
Theorem 2 (Converse for the consecutive complete–S PICODptq). For the complete–S PICODptq
with m messages and S “ rsmin : smaxs for some 0 ď smin ď smax ď m ´ t (i.e., S contains
consecutive integers, from smin to smax) the optimal code length is
`˚ “ mintsmax ` t,m´ sminu. (8)
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9The proof of Theorem 2 is broken down in several pieces. The proof for the critical case,
where m “ 2s`t and S “ tsu, can be found in Section V, while the general proof in Section VI.
Remark 2. Theorems 1 and 2 show that the simple achievable scheme in Proposition 1 can be
information theoretical optimal for a class of PICODptq. Specifically, the consecutive complete–S
PICODptq is the oblivious PICODptq studied in [4]. Our Theorem 2 provides a tight information
theoretic converse for the achievability proposed in [4].
The basic idea in the proof of Theorem 1 is to prove the existence of a user who can decode
|S| messages by a method referred to as layer counting. We partition all users in the complete–S
PICODptq into |S| layers. Each layer contains the users with the same size of the side information
set. A layer is said to be “lower” than another if the size of the side information set of the
users is smaller. The intuition is that a user in a lower layer, after having decoded its desired
messages, can mimic users in higher layers and thus decode also the desired messages of those
higher layer users.
In the complement-consecutive complete–S PICODptq, where S “ r0 : smin´ 1s Y rsmax` 1 :
m ´ ts for some 0 ă smin ď smax ă m ´ t, we show the user in the lowest layer (with empty
side information set) can mimic a user in each higher layers and eventually decodes |S|`2t´2
messages.
However, this layer counting converse is not tight in general, as explained in Remark 6 for the
complete–S PICODp1q with S “ r1 : qs or S “ rq : m´2s for some 2 ď q ď m´2. To improve
on the layer counting converse, we propose a novel converse technique in Theorem 2 for the
consecutive complete–S PICODptq, where S “ rsmin : smaxs for some 0 ď smin ď smax ď m´ t.
The critical case for this proof is the complete–S PICODptq for
m “ 2s` t messages and S “ tsu (critical case). (9)
In Section V Proposition 6, we show that for this critical case, regardless of the choice of desired
messages and valid code, there always exists at least one user who can decode s` t messages.
While the proof of Theorem 1 is constructive, that is, we explicitly identify the user who can
always decode |S| ` 2t ´ 2 messages (the one with empty side information set), the proof of
Proposition 6 is not. The problem with a constructive argument for the critical case is that, for
any specific user, there exists an information theoretic optimal choice of desired messages and
a corresponding valid code such that this user can decode only its desired t messages and no
more. In other words, showing that a certain user can always decode more than t messages is
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impossible. Therefore, in the proof of Proposition 6, we propose a combinatorial method to show
the existence of at a least a user with some desired property, namely, the ability to decode a
certain number of messages. The new method involves the Maximum Acyclic Induced Subgraph
(MAIS) converse idea for the classic IC [2], as well as a combinatorial design technique inspired
by Steiner systems [13], which we shall refer to as block cover. The existence proof does not
indicate which user has the desired property, but only shows its existence regardless of the choice
of desired messages at the users.
Theorem 2 can be further extended to cover other complete–S PICODptq. We have the
following results.
Proposition 2 (Not a complete–S system, but all users are below the critical case users in the
layer representation). For the complete–S PICODptq with m messages and smax :“ maxsPStsu ď
tm´t
2
u, the optimal code length is `˚ “ smax ` t.
The proof can be found in Section VII.
Proposition 3 (Not a complete–S system, but all users are above the critical case users in the
layer representation). For the complete–S PICODptq with m messages and smin :“ minsPStsu ě
rm´t
2
s, the optimal code length is `˚ “ m´ smin.
The proofs can be found in Section VII.
Proposition 4 (Not a complete–S system, but all users in a band around the critical case users
are present in the layer representation). For the complete–S PICODptq with m messages, let
δ :“ min
"
smax ´ rm´ t
2
s, t
m´ t
2
u´ smin
*
, (10)
where smax :“ maxsPStsu and smin :“ minsPStsu. If
“
tm´t
2
u´ δ : rm´t
2
s` δ‰ Ď S then the
optimal code length is `˚ “ mintsmax ` t,m´ sminu.
The proof can be found in Section VII.
Remark 3. Propositions 2, 3 and 4 show an interesting fact: for these settings the only relevant
layers in the layer representation are the ones closest to the “critical” middle layer m´t
2
, or the
layers in a band
“
tm´t
2
u´ δ : rm´t
2
s` δ‰ around the “critical” middle layer. The optimal code
for the users in these layers satisfies all the remaining users.
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Finally, for those PICODptq problems with m ď 5 messages that are not covered by Propo-
sitions 2, 3, 4 and Theorem 1, we have the following:
Proposition 5. For all complete–S PICODptq with m ď 5 and non-empty S Ď r0 : m´ 1s, the
achievable scheme in Proposition 1 is information theoretic optimal.
The proof can be found in Section VII.
Remark 4. Proposition 5 is proved by checking one by one all complete–S PICODptq problems
with m ď 5 messages not covered by previous results. It may be possible to go beyond five
messages, but unfortunately we have not been able to find a systematic way to prove the converse
for general m.
C. Converse for the PICODp1q with circular-arc network topology hypergraph
The reader can find a refresher on graph theory terminology in Section VIII-A. The critical
complete–tsu PICODptq we solved has a network topology hypergraph which is the dual hy-
pergraph of the complete pm ´ sq–uniform hypergraph. Here we solve the PICODp1q whose
network topology hypergraph is a special hypergraph, namely, a circular-arc hypergraph.
Theorem 3. For a PICODp1q with m messages and with circular-arc network topology hyper-
graph, the optimal code length satisfies `˚ ď 2. In particular, the optimal number of transmissions
is `˚ “ 2 unless the network topology hypergraph is a 1-factor hypergraph.
The proof can be found in Section VIII.
Remark 5. The achievability part of Theorem 3 is based on the following property of a circular-
arc hypergraph: if two vertices belong to an edge, then all vertices (cyclic) between these two
vertices must belong to the same edge. The converse part of Theorem 3, which is in Proposition 8,
is proved by showing that there exists a user that can decode one more message other than its
desired message if a 1-factor does not exist. By showing the existence of such a user, regardless
of the choices of desired messages and code sent by the transmitter, we obtain a tight lower
bound on the optimal code length.
The proofs of the converse results summarized in this section will be given in the following
sections.
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IV. LAYER COUNTING CONVERSE: PROOF OF THEOREM 1
Recall that the complete–S PICODptq, for a given set S Ď r0 : m´ts, comprises n “ řsPS `ms ˘
users where the side information sets are all possible distinct subsets of size s of m messages,
for all s P S. The proof of Theorem 1 relies on idea of decoding chain, which gives a high
level explanation of the proof of the following lemma (see discussion after the proof), namely,
the number of messages decoded along this chain provides a converse on `˚.
Lemma 1. In a PICODptq with m messages and n users, for any ordering of the users (i.e., up
to relabeling the users) we have
`˚ ě
nÿ
i“1
ˇˇ
Diz Yi´1j“1 pAj YDjq
ˇˇ
. (11)
Proof of Lemma 1: Since we have a working system, all users are satisfied by the
transmission of x`κ of length `. For user u1 we have
H
`
WD1 |x`κ,WA1
˘ ď ``, (12)
where lim`Ñ8 ` “ 0 by Fano’s inequality. Similarly, for user u2 we have
H
`
WD2 |x`κ,WA2
˘ ď ``. (13)
Therefore we have
H
`
WD1 ,WD2 |x`κ,WA1 ,WA2zD1
˘
“ H `WD1 |x`κ,WA1 ,WA2zD1˘`H `WD2 |x`κ,WA1 ,WA2zD1 ,WD1˘
“ H `WD1 |x`κ,WA1 ,WA2zD1˘`H `WD2 |x`κ,WA2 ,WA1YD1˘
ď H `WD1 |x`κ,WA1˘`H `WD2zpA1YD1q|x`κ,WA2˘
ď 2``.
By continuing with the same reasoning, we get
H
´
WYni“1Di |x`κ,WYni“1pAizYi´1j“1Djq
¯
ď n``. (14)
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Since the messages are independent and uniformly distributed with entropy κ bits, and since the
code is binary, we conclude
nÿ
i“1
ˇˇ
Diz Yi´1j“1 pAj YDjq
ˇˇ
κ
“ ˇˇYni“1 `Diz Yi´1j“1 pAj YDjq˘ˇˇκ
“ H
´
WYni“1pDizYi´1j“1pAjYDjqq
¯
“ H
´
WYni“1pDizYi´1j“1pAjYDjqq|WYni“1pAizYi´1j“1Djq
¯
ď I
´
WYni“1pDizYi´1j“1pAjYDjqq;x
`κ
ˇˇ
WYni“1pAizYi´1j“1Djq
¯
` n``
ď H
´
x`κ|WYni“1pAizYi´1j“1Djq
¯
` n``
ď Hpx`κq ` n``
ď `κ` n``,
which implies that
` ě
nÿ
i“1
ˇˇ
Diz Yi´1j“1 pAj YDjq
ˇˇ
, (15)
for constant pn, κq, sufficiently large `, and any valid codes. Therefor the bound in (15) must
hold for the optimal code length as well, thus proving (11).
The sequence of users u1, u2, . . . , un in Lemma 1 is the decoding chain mentioned at the
beginning of this section. In fact, the converse in Lemma 1 can also be thought of as the acyclic
induced subgraph converse for the all unicast IC problem [2], where each user desires multiple
messages, as opposed to a single message. The users with
ˇˇ
Diz Yi´1j“1 pAj YDjq
ˇˇ ‰ 0 form an
acyclic induced subgraph in the graph representation of the IC. Therefore, in Lemma 1 the value
of
ˇˇYni“1 `Diz Yi´1j“1 pAj YDjq˘ˇˇ depends on the choice of the order for the users, that is, we can
relabel the users in order to find the tighest bound provided by Lemma 1. Finding such an order
for Lemma 1 illustrates the intuition for the converse proof of Theorem 1: finding the user that
can decode the largest number of messages.
To illustrate the method of finding the user who can decode the largest number of messages,
we introduce the layer representation of the complete–S PICODptq. As an example, the layer
representation for the complete–r0 : m ´ 1s PICODp1q problem is given in Fig. 1. In Fig. 1,
all the users with the same size of the side information set are said to form a layer, and there
are in total m layers; the i-th layer contains the users whose side information set has size
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· · ·
· · ·
s = 0 (layer 0)
s = 1 (layer 1)
s = 2 (layer 2)
s = m− 2 (layer m− 2)
s = m− 1 (layer m− 1)
· · ·
Fig. 1: Layer representation of the complete–r0 : m´ 1s PICODp1q problem.
i P r0 : m´ 1s, and the number of users in the i-th layer is `m
i
˘
. The key observation is that, in
a working system, a user ui in i-th layer can decode a message wdi it does not have in its side
information set Ai. After that, user ui is equivalent to a user ui`1 in the pi` 1q-th layer whose
side information is Ai`1 “ Ai Y tdiu. User ui will thus be able to decode the message wdi`1
that is desired by user udi`1 , in addition to its own desired message wdi . But now user ui will
have Ai`2 “ Ai Y twdi , wdi`1u, which is the side information of a user ui`2 in the pi ` 2q-th
layer. By continuing with the same reasoning, user ui will be able to mimic one user per layer
until the last layer. We apply this argument to the user in the 0-th layer (there is only one such
user). We see that the user in the 0-th layer is able to decode one message per layer without
loss of optimality, that is, the user in the 0-th layer decodes m messages in total. This provides
a decoding chain of length m. In this decoding chain each user’s side information set and the
desired message set form the side information set of the next user. By having such a decoding
chain, we can use Lemma 1 to show that `˚ ě m for the complete–r0 : m ´ 1s PICODp1q
problem in Fig. 1. We use this observation, and similar ones, in the following to provide a lower
bound on `˚ in terms of number of messages a user can decode, which is the main idea in all
our converse proofs.
The proof of Theorem 1 directly follows this idea of counting the layers in a layer repre-
sentation of a decoding chain. The key for the proof is the fact that each layer in the layer
representation for the complement-consecutive complete–S, where S “ r0 : m´ tszrsmin : smaxs,
contains all users with side information set of the same size. After the user has decoded its
desired message(s), we can map this user to another user in a higher layer. Such a mapping
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forms a decoding chain, starting from the user in the 0-th layer, provides a lower bound on `˚.
We are now ready to prove Theorem 1 for the complement complete–S with m messages and
S “ r0 : m´ tszrsmin : smaxs.
Proof of Theorem 1: Consider the PICODptq where S “ r0 : m ´ tszrsmin : smaxs “ r0 :
smin ´ 1s Y rsmax ` 1 : m´ ts for some 0 ă smin ď smax ă m´ t. We aim to find the decoding
chain that has the largest number of messages/users along the chain. In each layer of the layer
representation we find a user for the decoding chain. Therefore the chain contains |S| users,
where
|S| “ smin `m´ t´ smax. (16)
We first find smin users, one user per layer for the layers indexed by r0 : smin´1s, as done in the
example in Fig. 1. Then, the user uj|j“smin`1 is found in layer smax`1 such that |Aj|j“smin`1| “
smax ` 1; we want Asmin`1 Ě Asmin so user usmin`1 can be mimicked by user usmin; we want
|Dsmin XAsmin`1| to be as large as possible so the number of messages decoded in the decoding
chain can be maximized; details on how this is done will be given next. Finally, we find other
|S| ´ smin ´ 1 “ m´ t´ smax ´ 1 users to complete the decoding chain, one user per layer for
the layers indexed by rsmax ` 2 : m´ ts, as done in the example in Fig. 1.
Assume all users are satisfied by the transmission of x`κ. Let u1 be the user with empty
side information set, i.e., A1 “ H. Since all users are satisfied, u1 can decode at least one
message not in its side information set; denote the index of such a message as d1,1. Layer 1
contains the users with side information set of size 1. There exists a user in layer 1, say u2,
with side information A2 “ A1 Y td1,1u “ td1,1u and desired message d2,1 R A2. By continuing
with this reasoning we can find users up to user usmin: user usmin has side information set
Asmin “ Asmin´1 Y tdsmin´1,1u “ td1,1, . . . , dsmin´1,1u and desires message dsmin,1 R Asmin . We
would be tempted to say that the next user in the decoding chain should be user usmin`1 with
side information set Asmin YDsmin ; however |Asmin YDsmin | “ |Asmin | ` |Dsmin | “ smin ´ 1 ` t
may be strictly less than the size of the side information of the next layer of users present
in the systems, which is smax ` 1. For this reason, user usmin`1 is chosen in layer smax ` 1
as follows: if smin ´ 1 ` t ă smax ` 1, choose any user in layer smax ` 1 as usmin`1 such that
Asmin`1 Ą AsminYDsmin , i.e., the user that usmin can mimic by providing a genie side information
Asmin`1zpAsminYDsminq; otherwise we choose usmin`1 to be the user with Asmin`1 Ď AsminYDsmin ,
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i.e., the user that usmin can mimic. From this point onwards, the next users in the decoding chain
can again be chosen such that Aj “ Aj´1 Y tdj´1,1u, j P rsmin ` 2 : |S|s.
Note that in the decoding chain we have Aj “ Aj´1 Y tdj´1,1u for j P r|S|szt1, smin `
1u, A1 “ H, and Asmin`1 Ą Asmin . These users satisfy Aj Ą Aj´1, for all j P r2 : |S|s.
Therefore we have
ˇˇ
Diz Yi´1j“1 pAj YDjq
ˇˇ ě 1 for all i P r|S|szt1, smin ` 1u, |Di|i“1 “ t, andˇˇ
Diz Yi´1j“1 pAj YDjq
ˇˇ
i“smin`1 “ mintt, smax` 1` t´ psmin´ 1` tqu “ mintt, smax´ smin` 2u.
Therefore, by Lemma 1 we have
`˚ ě
ÿ
iPr|S|s
ˇˇ
Diz Yi´1j“1 pAj YDjq
ˇˇ
ě t` psmin ´ 1q `mintt, smax ´ smin ` 2u ` pm´ t´ smax ´ 1q
ě m` smin ´ smax ´ 2`mintt, smax ´ smin ` 2u
“ mintm` t` smin ´ smax ´ 2,mu.
The value `˚ “ mintm` t` smin ´ smax ´ 2,mu can be achieved as follows. By the scheme
in Proposition 1 with partition S “ S1 Y S2, with S1 :“ r0 : smin ´ 1s and S2 :“ rsmax ` 1 :
m ´ ts, all users in group S1 are satisfied with psmin ´ 1q ` t transmissions, and all users in
group S2 are satisfied with m ´ psmax ` 1q transmissions; therefore, we have a code of length
m` smin ` t´ smax ´ 2. Also, we can always transmit all m messages one by one, resulting in
a code of length m. Therefore, we can achieve the lower bound by using the code among the
above two with the shortest length.
This concludes the proof of Theorem 1.
Remark 6. The proof of Theorem 1 constructively builds a decoding chain. The decoding chain
starts from the user in the lowest layer. The next user in the chain is chosen in the next layer,
based on the side information and desired message of the previous one. The chain ends at the
highest layer. However, this construction, where each layer contributes at most one user to the
decoding chain, is not always tight.
As shown in [7], for the complete–S PICODp1q where S “ r1 : qs or S “ rq : m ´ 2s,
1 ď q ď m´ 2, the optimal code length is `˚ “ |S| ` 1. In other words, there exists a decoding
chain which includes two users with the same size of side information, where one of the users
can mimic the other one.
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The proof in [7] is a case-by-case reasoning, where the different cases are for different choices
of desired messages of the users. For the complete–S PICODp1q for general S “ rsmin : smaxs,
the number of cases becomes too large to be tractable. Thus a method that does not relay on a
case-by-case study becomes necessary. This is what we are going to do in the next section. The
two cases considered in [7] are special cases of Theorem 2 proved next.
V. CRITICAL CASE: COMPLETE–tsu PICODptq WITH m “ 2s` t MESSAGES
To overcome the limitation of the case-by-case reasoning highlighted in Remark 6, we shall
turn to an existence proof technique for Theorem 2. Loosely speaking, when dealing with general
consecutive complete–S PICODptq with S “ rsmin : smaxs, we treat all users and all the various
desired message assignments at once. Before we prove Theorem 2 in full generality, we consider
the critical case in (9). We shall see that all other consecutive complete–S cases can be deduced
from the critical one. Therefore, this section contains the proof for the following key result:
Proposition 6. (The critical case) For the complete–tsu PICODptq with m “ 2s` t messages,
the optimal code length is `˚ “ s` t. Specifically, given a valid code, there always exists a user
that can decode `˚ “ s` t messages.
As for the layer counting converse used in Theorem 1, we shall show that under the assumption
that all users can decode at least one message outside their side information set, there must exists
a user that can mimic other users and decodes `˚ “ s ` t messages regardless of the desired
messages of all the users. Note that in the complete–S PICODptq where |S| “ 1, only one layer
exists in the layer representation. Thus by the constructive method in Theorem 1, we only obtain
the trivial bound `˚ ě 1. However, we do need to find the specific user that can decode `˚ “ s`t
messages, but only show its existence. So we turn to an existence proof, which is largely based
on combinatorics ideas. Specifically, for all possible desired message set assignments for the
users, given a valid code that satisfies all users, we show that there exists a user that can decode
`˚ “ s` t messages. We start by introducing next the two main ingredients needed in the proof
of Proposition 6.
A. Proposition 6: Converse Main Ingredient 1: Block Cover
So far we used the idea of decoding chain to show that a user can decode more than its set of
desired messages. The decoding chain depends on the choice of desired messages at the users.
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Once the desired messages change, the decoding chain may change as well. Here we are only
interested in the existence of such a decoding chain of a given length. In other words, we show
the existence of a decoding chain of a certain length regardless of the choice of desired messages
at the users. We start with a simple example to showcase a problem we faced when considering
different message assignments.
Example 1. Consider the complete–t1u PICODp1q, i.e., s “ t “ 1, with m “ 2s ` 1 “ 3
messages for which `‹ “ s` 1 “ 2 is the smallest number of transmissions needed to satisfy all
the n “ `m
s
˘ “ 3 users. Say that u1 knows A1 “ t1u and desires d1 “ 2; u2 knows A2 “ t2u
and desires d2 “ 1; and u3 knows A3 “ t3u and desires d3 “ 1. By sending w1, users u2 and
u3 are satisfied; by sending w2, user u1 is satisfied. By the decoding chain argument, user u3
is able to mimic u1 (because he decodes the message that is the side information set of user
u1) and therefore can also decode w2; on the contrary, users u2 and u3 can not decode any
more messages other than the desired one. However, another choice of desired messages can be
d1 “ 3, d2 “ 1, d3 “ 1; with this, users u1 and user u3 can only decode their desired messages
while user u2 can mimic user u1 thus is able to decode two messages.
As Example 1 shows for the case t “ 1, for a specific user, there is always an optimal choice of
desired messages such that this user cannot decode any message other the desired one. However,
we also note that for any choice of desired messages, there always exists a user that can decode
two messages. In the critical case setting, we shall prove that regardless of the choice of desired
messages, there always exists a user who can decode s` t messages. Since there are `s`t
t
˘p2s`ts q
(doubly exponential in s) possible choices of desired messages, finding explicitly such a user
for every case is intractable. Therefore, our converse shows the existence of such a user. The
main idea of the existence proof is as follows.
Instead of checking all possible different choices of desired message sets at the users, we
reason on the size of the decoding chain for that user. By assumption, every user can decode
t messages outside its side information set. Some users may be able to decode more messages
because they can mimic other users. After receiving a valid code, we aim to show that every user
eventually knows at least s`t messages, including the s messages in its side information set and
the (at least) t decoded ones. Say that user uj , with side information Aj , eventually can decode
the messages indexed by Bj Ě Dj . One can think of the set Cj :“ AjYBj as a block that covers
the side information set Aj , by which we mean that the set Cj is a proper superset of Aj . User
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uj can also mimic any users uk whose side information set satisfies Ak Ă Cj . Therefore the
desired message set for all the users uk whose side information Ak Ă Cj is Dk Ă Cj . For any
subset of users we can find a collection C such that, for every side information set Aj , there is
a cover Cj P C such that Cj “ Aj YBj where Bj is the largest set of the messages that user uj
can decode. By this definition, this block cover / collection C satisfies the following properties:
1) [BlockCover-P1] For every s-element subset of rms, there exists at least one C P C that
contains this subset.
2) [BlockCover-P2] s ă |C| ď m for all C P C.
3) [BlockCover-P3] For all P Ď r|C|s, we have | XjPP Cj| R rs : s` t´ 1s.
Proof of BlockCover Properties: Properties BlockCover-P1 and BlockCover-P2 follow by
the definition of block cover, while property BlockCover-P3 holds because if we have |XjPPCj| P
rs : s ` t ´ 1s for some P Ď r|C|s, we can have a user with side information set A1 Ď XjPPCj
with corresponding decoding set D1 and this leads to the following contradiction. By definition
of intersection A1 Ă Cj, @j P P ; but also by definition of block cover D1 Ă Cj, @j P P ; thus
A1YD1 Ď Cj, @j P P , which implies |XjPP Cj| ě |A1YD1| “ |A1|`|D1| ě s`t that contradicts
the starting assumption | XjPP Cj| P rs : s` t´ 1s.
This block cover idea was inspired by the so-called generalized Steiner system in combinatorial
design [13]. An Sps, ˚,mq generalized Steiner system consists of blocks / sets such that each
subset of size s from the ground set of size m is covered exactly once. In a critical PICODptq
setting, the collection of blocks C also covers all s-element subsets of rms (i.e., all users’ side
information sets). But our problem is not exactly a generalized Steiner system because an s-
element subset may be contained in more than one block as long as it is not an exact intersection
of the blocks–see Property BlockCover-P3. Therefore, our block cover can be seen as a relaxed
generalized Steiner system. To the best of our knowledge no results are available for this specific
relaxed generalized Steiner system.
For the critical case we aim to show that there is a user who can decode s` t messages (as
in Example 1). We argue it by contradiction. Assume no user can decode s ` t messages, that
is, every user can decode at least t and at most s ` t ´ 1 messages by mimicking other users.
In terms of block cover, this indicates that we can have a block cover C with maxCPCt|C|u ď
ps` t´ 1q ` s ă m “ 2s` t. Our argument of showing that there always exists a user that can
decode t` s messages for the critical case is equivalent to showing that a block cover with size
at most 2s ` t ´ 1 cannot exist. Our combinatorial proof shows that the existence of a choice
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of desired messages such that t ` s ď |Cj| ď 2s ` t ´ 1, @j P r|C|s leads to the existence of a
user that can decode t` s messages, thus max |Cj| “ 2s` t, which is a contradiction. Therefore
must exists a user whose block cover has size m “ 2s` t.
B. Proposition 6: Converse Main Ingredient 2: Maximum Acyclic Induced Subgraph (MAIS)
Bound
Recall that for a PICODptq, each user chooses t desired messages outside its side infor-
mation set. The collection of the desired message sets for all the users users is denoted as
D “ tD1, . . . , Dnu, where n “
`
2s`t
s
˘
. Once D is chosen, the PICODptq reduces to a multi-cast
IC where each user requests t messages; we can make one user to be t users with the same side
information sets but each with a distinct single desired message; the multi-cast IC with n users
becomes a multi-cast IC with tn users, each requesting one message.
Similarly to the classic all-unicast IC, we can represent in a directed graph / digraph the side
information sets and the desired messages of a multi-cast IC where each user desires a single
message [2]. Pick a subset U Ď rtns of users who desire different messages and create a digraph
GpUq as follows. The vertices V pGq Ď W represent the desired messages by the users in U .
A directed arc pwi, wjq P EpGq exists if and only if the user who desires wi has wj in its side
information set. G is called acyclic if it does not contain a directed cycle. The size of G is the
number of the vertices in, i.e. |V pGq| “ |U |. For the all-unicast IC, the maximum size of U such
that the corresponding digraph GpUq is acyclic serves as a converse bound on the optimal code
length. This converse is known as maximum acyclic induced subgraph (MAIS) bound [2].
For the PICODptq, a similar MAIS bound can be found, which is the maximum size of the
acyclic digraph GpUq created by the choice of users U Ď rtns such that they all desire different
messages. Since MAIS depends on the desired message set D, we denote its size as |MAISpDq|.
Thus, for the PICODptq as for multi-cast IC, the size of MAIS is a converse bound on ` [2],
namely, ` ě |MAISpDq|.
Finding the MAIS for the all-unicast IC is known to be an NP-hard problem [5] in general.
Finding the MAIS for the multi-cast IC appears to be more difficult since one needs to check ev-
ery possible choice of users with distinct desired messages. Finding the MAIS for the PICODptq
problem seems even more complicated since each choice of D in the PICODptq corresponds to
a multi-cast IC, and in addition one needs to find the best D in terms of code length. Therefore,
finding the MAIS for the PICODptq by solving all possible all-unicast IC problems appears
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intractable. Therefore, our existence proof does not find the exact MAIS for the PICODptq,
but only bounds on its size, i.e., maxD |MAISpDq|. Towards this goal, we have the following
properties:
1) [MAIS-P1] for the critical complete–tsu PICODptq with m “ 2s`t messages, |MAISpDq| “
s` t for certain D if and only if there exists a user who decodes s` t messages.
2) [MAIS-P2] for the critical complete–tsu PICODptq with m “ 2s ` t messages, if there
exists a D such that |MAISpDq| ď s`t´1, there exists a D1 where |MAISpD1q| “ s`t´1.
Proof of Property MAIS-P1: On the one hand, if |MAISpDq| “ s` t, there are s` t users
who desire different messages. These users form an acyclic induced subgraph. We can obtain a
decoding chain from the acyclic induced subgraph, in which the first user has side information
of all s messages that are not desired by these s` t users. The first user, by decoding its desired
message, can mimic all the other users and eventually decode s` t messages.
On the other hand, if there is one user who can decode s ` t messages, there are s ` t ´ 1
users that can be mimicked by it with different desired messages. These s ` t users form an
acyclic induced subgraph of size s` t. Then |MAISpDq| “ s` t.
Proof of Property MAIS-P2: We prove the claim by showing that for a choice of desired
messages D that has a |MAISpDq| “ a for some integer a ă s` t, we can always find another
choice of desired messages D1 such that |MAISpD1q| “ a` 1.
Assume there exists a D such that, for some integer a ă s` t, satisfies |MAISpDq| “ a. For
this D, the PICODptq can be seem as a unicast IC with rtns users, whose graph representation
has an induced acyclic subgraph of size a and all induced subgraphs of size strictly larger than
a are cyclic. Without loss of generality, let tu1, . . . , uau be the set of users that form this MAIS
who have desired messages twd1 , . . . , wdau “ ras. By the definition of MAIS, any user with side
information A Ď ra`1 : ms must have desired message d P ras; this is so because any user with
A Ď ra ` 1 : ms and d P ra ` 1 : ms can be added to the users u1, . . . , ua to form an acyclic
subgraph of size a` 1, which would contradict to the assumption that |MAIS| “ a.
Based on D we construct D1 such that |MAISpD1q| “ a` 1 as follows. Choose a user u1 with
side information A1 Ď ra` 1 : ms and change its desired message to d1 P ra` 1 : mszA1 (it was
d1 P ras in D). Since a ă s ` t we have |ra ` 1 : ms| ě s ` 1 and |ra ` 1 : mszA1| ě 1, thus
such a user u1 and its desired message d1 can be found. Moreover, by construction the users in
tu1, . . . , ua, u1u form an acyclic subgraph of size a` 1.
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Next, we show that any induced subgraph of size strictly larger than a`1 in the IC represented
by D1 is cyclic. This can be seen as follows. Note that from D to D1 only the desired message
of u1 was changed, therefore any induced subgraph in the IC represented by D1 that does not
have u1 also exists in the IC represented by D. For any induced subgraph in the IC represented
by D1 with size strictly larger than a` 1, if it does not contain u1, this induced subgraph exists
in the IC represented by D. By the condition |MAISpDq| “ a we know that this subgraph is
cyclic. If the induced subgraph contains u1, remove u1 so as to obtain an induced subgraph of
size strictly larger than a. This newly obtained subgraph exists in the IC represented by D.
Similarly the subgraph is cyclic by |MAISpDq| “ a thus the original subgraph which contains
u1 is also cyclic. This concludes that |MAISpD1q| “ a` 1.
We show that we can always construct |MAISpD1q| “ a`1 based on |MAISpDq| “ a ă s` t.
Therefore if there exists a D such that |MAISpDq| ă s` t, by the construction we have have a
D1 such that |MAISpD1q| “ s` t´ 1.
We are now ready to prove Proposition 6.
C. Proof of Proposition 6
Our proof for Proposition 6 is by contradiction. Specifically, we prove that, under the assump-
tion that there exists D1 such that |MAISpD1q| “ s ` t ´ 1 (see Property MAIS-P2) and given
a valid code, there must exist a user that can decode s` t messages. This however contradicts
Property MAIS-P1. Therefore D1 does not exist, which implies that there must exists a user that
can decode s ` t messages and |MAISpDq| “ s ` t for all D. This proves that for the critical
case the optimal number of transmission is `˚ “ s` t.
Specifically, the assumption that |MAISpD1q| “ s ` t ´ 1 implies that one can find a set of
s` t´1 users, denoted by V , who desire different messages and with a strict partial order on V
given by: for distinct i, j P V , if i ă j then dj R Ai. Without loss of generality, let rs`2 : 2s` ts
be the set of the distinct s ` t ´ 1 desired messages by the users in V . By the definition of
MAIS, there is a user in V such that its side information set satisfies A Ă rs ` 1s. This is the
user that has no incoming edges in the induced acyclic subgraph of the MAIS. Thus, a user with
side information including the messages in rs` 1s (these messages are not desired by the users
in V ) is able to decode all the messages in rs` 2 : 2s` ts.
Consider the following s`1 users: for i P rs`1s user ui has side information Ai “ rs`1sztiu.
The side information sets and decoded messages of these users are illustrated in Fig. 2 where
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{
<latexit sha1_base64="VHs81Js6h5ENWeZ40Fjj1 vcbiXk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gOaUDbbSbt0s4m7G6GE/gkvHhTx6t/ x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqhlSj4BJbhhuB3VQhjUO BnXB8O/M7T6g0T+SDmaQYxHQoecQZNVbq+qNsiMTP+9WaW3fnIKvEK0gNCjT71S9/kLAsRmmYoFr3PDc1QU6 V4UzgtOJnGlPKxnSIPUsljVEH+fzeKTmzyoBEibIlDZmrvydyGms9iUPbGVMz0sveTPzP62Umug5yLtPMoGS LRVEmiEnI7Hky4AqZERNLKFPc3krYiCrKjI2oYkPwll9eJe2LuufWvfvLWuOmiKMMJ3AK5+DBFTTgDprQAgY CnuEV3pxH58V5dz4WrSWnmDmGP3A+fwDDno/G</latexit><latexit sha1_base64="VHs81Js6h5ENWeZ40Fjj1 vcbiXk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gOaUDbbSbt0s4m7G6GE/gkvHhTx6t/ x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqhlSj4BJbhhuB3VQhjUO BnXB8O/M7T6g0T+SDmaQYxHQoecQZNVbq+qNsiMTP+9WaW3fnIKvEK0gNCjT71S9/kLAsRmmYoFr3PDc1QU6 V4UzgtOJnGlPKxnSIPUsljVEH+fzeKTmzyoBEibIlDZmrvydyGms9iUPbGVMz0sveTPzP62Umug5yLtPMoGS LRVEmiEnI7Hky4AqZERNLKFPc3krYiCrKjI2oYkPwll9eJe2LuufWvfvLWuOmiKMMJ3AK5+DBFTTgDprQAgY CnuEV3pxH58V5dz4WrSWnmDmGP3A+fwDDno/G</latexit><latexit sha1_base64="VHs81Js6h5ENWeZ40Fjj1 vcbiXk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gOaUDbbSbt0s4m7G6GE/gkvHhTx6t/ x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqhlSj4BJbhhuB3VQhjUO BnXB8O/M7T6g0T+SDmaQYxHQoecQZNVbq+qNsiMTP+9WaW3fnIKvEK0gNCjT71S9/kLAsRmmYoFr3PDc1QU6 V4UzgtOJnGlPKxnSIPUsljVEH+fzeKTmzyoBEibIlDZmrvydyGms9iUPbGVMz0sveTPzP62Umug5yLtPMoGS LRVEmiEnI7Hky4AqZERNLKFPc3krYiCrKjI2oYkPwll9eJe2LuufWvfvLWuOmiKMMJ3AK5+DBFTTgDprQAgY CnuEV3pxH58V5dz4WrSWnmDmGP3A+fwDDno/G</latexit><latexit sha1_base64="VHs81Js6h5ENWeZ40Fjj1 vcbiXk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gOaUDbbSbt0s4m7G6GE/gkvHhTx6t/ x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqhlSj4BJbhhuB3VQhjUO BnXB8O/M7T6g0T+SDmaQYxHQoecQZNVbq+qNsiMTP+9WaW3fnIKvEK0gNCjT71S9/kLAsRmmYoFr3PDc1QU6 V4UzgtOJnGlPKxnSIPUsljVEH+fzeKTmzyoBEibIlDZmrvydyGms9iUPbGVMz0sveTPzP62Umug5yLtPMoGS LRVEmiEnI7Hky4AqZERNLKFPc3krYiCrKjI2oYkPwll9eJe2LuufWvfvLWuOmiKMMJ3AK5+DBFTTgDprQAgY CnuEV3pxH58V5dz4WrSWnmDmGP3A+fwDDno/G</latexit> }
<latexit sha1_base64="AJn4otVXz4Jjb7J0kK8VaoXUQLg=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gOaUDbbSbt0s4m7G6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqhlSj4BJbhhuB3VQhjUOBnXB8O/M7T6g0T+SDmaQYxHQoecQZNVbq+qNsiMSf9qs1t+7OQVaJV5AaFGj2q1/+IGFZjNIwQbXueW5qgpwqw5nAacXPNKaUjekQe5ZKGqMO8vm9U3JmlQGJEmVLGjJXf0/kNNZ6Eoe2M6ZmpJe9mfif18tMdB3kXKaZQckWi6JMEJOQ2fNkwBUyIyaWUKa4vZWwEVWUGRtRxYbgLb+8StoXdc+te/eXtcZNEUcZTuAUzsGDK2jAHTShBQwEPMMrvDmPzovz7nwsWktOMXMMf+B8/gDGpo/I</latexit><latexit sha1_base64="AJn4otVXz4Jjb7J0kK8VaoXUQLg=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gOaUDbbSbt0s4m7G6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqhlSj4BJbhhuB3VQhjUOBnXB8O/M7T6g0T+SDmaQYxHQoecQZNVbq+qNsiMSf9qs1t+7OQVaJV5AaFGj2q1/+IGFZjNIwQbXueW5qgpwqw5nAacXPNKaUjekQe5ZKGqMO8vm9U3JmlQGJEmVLGjJXf0/kNNZ6Eoe2M6ZmpJe9mfif18tMdB3kXKaZQckWi6JMEJOQ2fNkwBUyIyaWUKa4vZWwEVWUGRtRxYbgLb+8StoXdc+te/eXtcZNEUcZTuAUzsGDK2jAHTShBQwEPMMrvDmPzovz7nwsWktOMXMMf+B8/gDGpo/I</latexit><latexit sha1_base64="AJn4otVXz4Jjb7J0kK8VaoXUQLg=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gOaUDbbSbt0s4m7G6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqhlSj4BJbhhuB3VQhjUOBnXB8O/M7T6g0T+SDmaQYxHQoecQZNVbq+qNsiMSf9qs1t+7OQVaJV5AaFGj2q1/+IGFZjNIwQbXueW5qgpwqw5nAacXPNKaUjekQe5ZKGqMO8vm9U3JmlQGJEmVLGjJXf0/kNNZ6Eoe2M6ZmpJe9mfif18tMdB3kXKaZQckWi6JMEJOQ2fNkwBUyIyaWUKa4vZWwEVWUGRtRxYbgLb+8StoXdc+te/eXtcZNEUcZTuAUzsGDK2jAHTShBQwEPMMrvDmPzovz7nwsWktOMXMMf+B8/gDGpo/I</latexit><latexit sha1_base64="AJn4otVXz4Jjb7J0kK8VaoXUQLg=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gOaUDbbSbt0s4m7G6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqhlSj4BJbhhuB3VQhjUOBnXB8O/M7T6g0T+SDmaQYxHQoecQZNVbq+qNsiMSf9qs1t+7OQVaJV5AaFGj2q1/+IGFZjNIwQbXueW5qgpwqw5nAacXPNKaUjekQe5ZKGqMO8vm9U3JmlQGJEmVLGjJXf0/kNNZ6Eoe2M6ZmpJe9mfif18tMdB3kXKaZQckWi6JMEJOQ2fNkwBUyIyaWUKa4vZWwEVWUGRtRxYbgLb+8StoXdc+te/eXtcZNEUcZTuAUzsGDK2jAHTShBQwEPMMrvDmPzovz7nwsWktOMXMMf+B8/gDGpo/I</latexit>
Decoded Messages
<latexit sha1_base64="Npt9mch59mxZMiLL0YjLYaWv9p8=">AAACAHicbVC7SgNBFJ2NrxhfUQsLm8EgW IVdEbSSgBY2QgTzgGQJs7N3kyGzD2buimFJ46/YWChi62fY+TdOki008cCFwzn3ztx7vEQKjbb9bRWWlldW14rrpY3Nre2d8u5eU8ep4tDgsYxV22MapIiggQIltBMFLPQktLzh1cRvPYDSIo7ucZSAG7J+JALBGRqpVz7oI jxidg089sGnt6A164Me98oVu2pPQReJk5MKyVHvlb+6fszTECLkkmndcewE3YwpFFzCuNRNNSSMD83rHUMjFoJ2s+kBY3psFJ8GsTIVIZ2qvycyFmo9Cj3TGTIc6HlvIv7ndVIMLtxMREmKEPHZR0EqKcZ0kgb1hQKOcmQI4 0qYXSkfMMU4msxKJgRn/uRF0jytOnbVuTur1C7zOIrkkByRE+KQc1IjN6ROGoSTMXkmr+TNerJerHfrY9ZasPKZffIH1ucPBA6Wpg==</latexit><latexit sha1_base64="Npt9mch59mxZMiLL0YjLYaWv9p8=">AAACAHicbVC7SgNBFJ2NrxhfUQsLm8EgW IVdEbSSgBY2QgTzgGQJs7N3kyGzD2buimFJ46/YWChi62fY+TdOki008cCFwzn3ztx7vEQKjbb9bRWWlldW14rrpY3Nre2d8u5eU8ep4tDgsYxV22MapIiggQIltBMFLPQktLzh1cRvPYDSIo7ucZSAG7J+JALBGRqpVz7oI jxidg089sGnt6A164Me98oVu2pPQReJk5MKyVHvlb+6fszTECLkkmndcewE3YwpFFzCuNRNNSSMD83rHUMjFoJ2s+kBY3psFJ8GsTIVIZ2qvycyFmo9Cj3TGTIc6HlvIv7ndVIMLtxMREmKEPHZR0EqKcZ0kgb1hQKOcmQI4 0qYXSkfMMU4msxKJgRn/uRF0jytOnbVuTur1C7zOIrkkByRE+KQc1IjN6ROGoSTMXkmr+TNerJerHfrY9ZasPKZffIH1ucPBA6Wpg==</latexit><latexit sha1_base64="Npt9mch59mxZMiLL0YjLYaWv9p8=">AAACAHicbVC7SgNBFJ2NrxhfUQsLm8EgW IVdEbSSgBY2QgTzgGQJs7N3kyGzD2buimFJ46/YWChi62fY+TdOki008cCFwzn3ztx7vEQKjbb9bRWWlldW14rrpY3Nre2d8u5eU8ep4tDgsYxV22MapIiggQIltBMFLPQktLzh1cRvPYDSIo7ucZSAG7J+JALBGRqpVz7oI jxidg089sGnt6A164Me98oVu2pPQReJk5MKyVHvlb+6fszTECLkkmndcewE3YwpFFzCuNRNNSSMD83rHUMjFoJ2s+kBY3psFJ8GsTIVIZ2qvycyFmo9Cj3TGTIc6HlvIv7ndVIMLtxMREmKEPHZR0EqKcZ0kgb1hQKOcmQI4 0qYXSkfMMU4msxKJgRn/uRF0jytOnbVuTur1C7zOIrkkByRE+KQc1IjN6ROGoSTMXkmr+TNerJerHfrY9ZasPKZffIH1ucPBA6Wpg==</latexit><latexit sha1_base64="Npt9mch59mxZMiLL0YjLYaWv9p8=">AAACAHicbVC7SgNBFJ2NrxhfUQsLm8EgW IVdEbSSgBY2QgTzgGQJs7N3kyGzD2buimFJ46/YWChi62fY+TdOki008cCFwzn3ztx7vEQKjbb9bRWWlldW14rrpY3Nre2d8u5eU8ep4tDgsYxV22MapIiggQIltBMFLPQktLzh1cRvPYDSIo7ucZSAG7J+JALBGRqpVz7oI jxidg089sGnt6A164Me98oVu2pPQReJk5MKyVHvlb+6fszTECLkkmndcewE3YwpFFzCuNRNNSSMD83rHUMjFoJ2s+kBY3psFJ8GsTIVIZ2qvycyFmo9Cj3TGTIc6HlvIv7ndVIMLtxMREmKEPHZR0EqKcZ0kgb1hQKOcmQI4 0qYXSkfMMU4msxKJgRn/uRF0jytOnbVuTur1C7zOIrkkByRE+KQc1IjN6ROGoSTMXkmr+TNerJerHfrY9ZasPKZffIH1ucPBA6Wpg==</latexit>
Side Information
<latexit sha1_base64="8h6q9zya5FlPB0V+Yc4Iq HkeWY4=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksgqeSiKAnKXjRW0X7AW0om820XbrZhN2NWEIu/hUvHhT x6s/w5r9xm+agrQ8GHu/NMDPPjzlT2nG+rdLS8srqWnm9srG5tb1j7+61VJRICk0a8Uh2fKKAMwFNzTSHTiy BhD6Htj++mvrtB5CKReJeT2LwQjIUbMAo0Ubq2wc9DY86vWMB4BsxiGSYG1nfrjo1JwdeJG5BqqhAo29/9YK IJiEITTlRqus6sfZSIjWjHLJKL1EQEzomQ+gaKkgIykvzBzJ8bJQAm+2mhMa5+nsiJaFSk9A3nea+kZr3puJ /XjfRgwsvZSJONAg6WzRIONYRnqaBAyaBaj4xhFDJzK2YjogkVJvMKiYEd/7lRdI6rblOzb09q9YvizjK6BA doRPkonNUR9eogZqIogw9o1f0Zj1ZL9a79TFrLVnFzD76A+vzB0W2ltE=</latexit><latexit sha1_base64="8h6q9zya5FlPB0V+Yc4Iq HkeWY4=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksgqeSiKAnKXjRW0X7AW0om820XbrZhN2NWEIu/hUvHhT x6s/w5r9xm+agrQ8GHu/NMDPPjzlT2nG+rdLS8srqWnm9srG5tb1j7+61VJRICk0a8Uh2fKKAMwFNzTSHTiy BhD6Htj++mvrtB5CKReJeT2LwQjIUbMAo0Ubq2wc9DY86vWMB4BsxiGSYG1nfrjo1JwdeJG5BqqhAo29/9YK IJiEITTlRqus6sfZSIjWjHLJKL1EQEzomQ+gaKkgIykvzBzJ8bJQAm+2mhMa5+nsiJaFSk9A3nea+kZr3puJ /XjfRgwsvZSJONAg6WzRIONYRnqaBAyaBaj4xhFDJzK2YjogkVJvMKiYEd/7lRdI6rblOzb09q9YvizjK6BA doRPkonNUR9eogZqIogw9o1f0Zj1ZL9a79TFrLVnFzD76A+vzB0W2ltE=</latexit><latexit sha1_base64="8h6q9zya5FlPB0V+Yc4Iq HkeWY4=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksgqeSiKAnKXjRW0X7AW0om820XbrZhN2NWEIu/hUvHhT x6s/w5r9xm+agrQ8GHu/NMDPPjzlT2nG+rdLS8srqWnm9srG5tb1j7+61VJRICk0a8Uh2fKKAMwFNzTSHTiy BhD6Htj++mvrtB5CKReJeT2LwQjIUbMAo0Ubq2wc9DY86vWMB4BsxiGSYG1nfrjo1JwdeJG5BqqhAo29/9YK IJiEITTlRqus6sfZSIjWjHLJKL1EQEzomQ+gaKkgIykvzBzJ8bJQAm+2mhMa5+nsiJaFSk9A3nea+kZr3puJ /XjfRgwsvZSJONAg6WzRIONYRnqaBAyaBaj4xhFDJzK2YjogkVJvMKiYEd/7lRdI6rblOzb09q9YvizjK6BA doRPkonNUR9eogZqIogw9o1f0Zj1ZL9a79TFrLVnFzD76A+vzB0W2ltE=</latexit><latexit sha1_base64="8h6q9zya5FlPB0V+Yc4Iq HkeWY4=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksgqeSiKAnKXjRW0X7AW0om820XbrZhN2NWEIu/hUvHhT x6s/w5r9xm+agrQ8GHu/NMDPPjzlT2nG+rdLS8srqWnm9srG5tb1j7+61VJRICk0a8Uh2fKKAMwFNzTSHTiy BhD6Htj++mvrtB5CKReJeT2LwQjIUbMAo0Ubq2wc9DY86vWMB4BsxiGSYG1nfrjo1JwdeJG5BqqhAo29/9YK IJiEITTlRqus6sfZSIjWjHLJKL1EQEzomQ+gaKkgIykvzBzJ8bJQAm+2mhMa5+nsiJaFSk9A3nea+kZr3puJ /XjfRgwsvZSJONAg6WzRIONYRnqaBAyaBaj4xhFDJzK2YjogkVJvMKiYEd/7lRdI6rblOzb09q9YvizjK6BA doRPkonNUR9eogZqIogw9o1f0Zj1ZL9a79TFrLVnFzD76A+vzB0W2ltE=</latexit>
s+ 1
users
<latexit sha1_base64="uSdAmFZB2qhDatqWRfVGf /gamCc=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAIglBmRNCVFNy4rGAf0BlKJs20oZkHyR2xDsVfceNCEbf +hzv/xvSx0NYDgcM55yY3J0il0Og431ZhaXllda24XtrY3NresXf3GjrJFON1lshEtQKquRQxr6NAyVup4jQ KJG8Gg+ux37znSoskvsNhyv2I9mIRCkbRSB37QJ+6xPOIh/wBc5Jpkx117LJTcSYgi8SdkTLMUOvYX143YVn EY2SSat12nRT9nCoUTPJRyTP3ppQNaI+3DY1pxLWfT7YfkWOjdEmYKHNiJBP190ROI62HUWCSEcW+nvfG4n9 eO8Pw0s9FnGbIYzZ9KMwkwYSMqyBdoThDOTSEMiXMroT1qaIMTQklU4I7/+VF0jiruE7FvT0vV69mdRThEI7 gBFy4gCrcQA3qwOARnuEV3qwn68V6tz6m0YI1m9mHP7A+fwCK+5Sh</latexit><latexit sha1_base64="uSdAmFZB2qhDatqWRfVGf /gamCc=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAIglBmRNCVFNy4rGAf0BlKJs20oZkHyR2xDsVfceNCEbf +hzv/xvSx0NYDgcM55yY3J0il0Og431ZhaXllda24XtrY3NresXf3GjrJFON1lshEtQKquRQxr6NAyVup4jQ KJG8Gg+ux37znSoskvsNhyv2I9mIRCkbRSB37QJ+6xPOIh/wBc5Jpkx117LJTcSYgi8SdkTLMUOvYX143YVn EY2SSat12nRT9nCoUTPJRyTP3ppQNaI+3DY1pxLWfT7YfkWOjdEmYKHNiJBP190ROI62HUWCSEcW+nvfG4n9 eO8Pw0s9FnGbIYzZ9KMwkwYSMqyBdoThDOTSEMiXMroT1qaIMTQklU4I7/+VF0jiruE7FvT0vV69mdRThEI7 gBFy4gCrcQA3qwOARnuEV3qwn68V6tz6m0YI1m9mHP7A+fwCK+5Sh</latexit><latexit sha1_base64="uSdAmFZB2qhDatqWRfVGf /gamCc=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAIglBmRNCVFNy4rGAf0BlKJs20oZkHyR2xDsVfceNCEbf +hzv/xvSx0NYDgcM55yY3J0il0Og431ZhaXllda24XtrY3NresXf3GjrJFON1lshEtQKquRQxr6NAyVup4jQ KJG8Gg+ux37znSoskvsNhyv2I9mIRCkbRSB37QJ+6xPOIh/wBc5Jpkx117LJTcSYgi8SdkTLMUOvYX143YVn EY2SSat12nRT9nCoUTPJRyTP3ppQNaI+3DY1pxLWfT7YfkWOjdEmYKHNiJBP190ROI62HUWCSEcW+nvfG4n9 eO8Pw0s9FnGbIYzZ9KMwkwYSMqyBdoThDOTSEMiXMroT1qaIMTQklU4I7/+VF0jiruE7FvT0vV69mdRThEI7 gBFy4gCrcQA3qwOARnuEV3qwn68V6tz6m0YI1m9mHP7A+fwCK+5Sh</latexit><latexit sha1_base64="uSdAmFZB2qhDatqWRfVGf /gamCc=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAIglBmRNCVFNy4rGAf0BlKJs20oZkHyR2xDsVfceNCEbf +hzv/xvSx0NYDgcM55yY3J0il0Og431ZhaXllda24XtrY3NresXf3GjrJFON1lshEtQKquRQxr6NAyVup4jQ KJG8Gg+ux37znSoskvsNhyv2I9mIRCkbRSB37QJ+6xPOIh/wBc5Jpkx117LJTcSYgi8SdkTLMUOvYX143YVn EY2SSat12nRT9nCoUTPJRyTP3ppQNaI+3DY1pxLWfT7YfkWOjdEmYKHNiJBP190ROI62HUWCSEcW+nvfG4n9 eO8Pw0s9FnGbIYzZ9KMwkwYSMqyBdoThDOTSEMiXMroT1qaIMTQklU4I7/+VF0jiruE7FvT0vV69mdRThEI7 gBFy4gCrcQA3qwOARnuEV3qwn68V6tz6m0YI1m9mHP7A+fwCK+5Sh</latexit>
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Fig. 2: Side information sets and decoded messages for s` 1 users for Proposition 6.Case2.
columns are for messages and rows for users; a 0 (resp. 1) entry indicates the absence (resp.
presence) of the corresponding message in the side information set of the user. We have one of
two cases:
Proposition 6.Case1: Assume that for some k P rs` 1s we have Bk X rs` 1s “ rs` 1szAk.
Recall Bk is the set of messages that user uk can decode and Ak its side information, this
user will gain the knowledge of all messages Wrs`1s. It therefore can decode all the remaining
messages Wrs`2:2s`ts. Eventually this user decodes s` t messages, therefore Ck “ r2s` ts.
Proposition 6.Case2: For every user i P rs ` 1s, we have Bi Ď rs ` 2 : 2s ` ts–as shown
in Fig. 2, where the side information and decodable message sets are represented by the rows
of the matrx. The left part of the matrix indicates the side information of the users, where 0, 1
entries show the absence and existence of the corresponding messages in the side information.
By assumption Bi Ď rs ` 2 : 2s ` ts contains the indices of the messages decoded by user ui
and property BlockCover-P3, we have | XiPP Ci| R rs : s` t´ 1s for any P Ď rs` 1s. Note that
|XiPP Ai| “ s`1´|P | and AiXBi “ H, thus we have |XiPP Bi| R r|P |´1 : |P |` t´2s, @P Ď
rs` 1s.
In Proposition 6.Case2, all Bi, i P rs`1s are non-empty subsets of a ground set rs`2 : 2s`ts;
by Lemma 4 in Appendix A, it is guaranteed that there is a P such that |rs ` 2 : 2s ` 1s X
pXiPPBiq| “ |P | ´ 1; therefore we have |XiPPBi| P r|P | ´ 1 : |P | ` t´ 2s for some P Ď rs` 1s,
which contradicts what we just stated, thus this case in impossible.
Therefore only Proposition 6.Case1 is possible. This shows the existence of a user whose
block cover is rms “ r2s ` ts. This user can decode s ` t messages. But this contradicts the
assumption that the MAIS bound is |MAISpD1q| “ 2s ` t ´ 1. Overall, this shows that for all
possible choices of D one must have |MAISpDq| “ 2s` t, which implies `˚ ě s` t. This, with
the achievability in Proposition 1, concludes the proof of Proposition 6.
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D. Complete–S where |S| “ 1
With Proposition 6, we can prove a more general case.
Proposition 7. (The case |S| “ 1.) For the complete–tsu PICODptq with m messages, the
optimal code length is `˚ “ mints` t,m´ su.
Proof of Proposition 7: Proposition 6 solves the case where S “ tsu and m “ 2s ` t.
Therefore, in the following we study the remaining two cases: m ă 2s` t and m ą 2s` t.
Case m ă 2s ` t: Consider an integer α ď s and split the n “ `m
s
˘
users in the system
into two categories: users ui with rαs Ă Ai, and the other users. The users in the first category
do not decode any message in rαs (since they have all these messages in their side information
set); these users together form a complete–ts ´ αu PICODptq with m ´ α messages. Since
this complete–ts´αu PICODptq is a subset of the original complete–tsu PICODptq, its optimal
number of transmissions is a lower bound on the number of transmissions in the original system.
If we take m´ α “ 2ps´ αq ` tðñ α “ 2s` t´m ą 0 then, by Proposition 6, the optimal
number of transmissions for the complete–ts´αu PICODptq with m´α “ 2ps´αq`t messages
is ps´ αq ` t “ m´ s. Therefore the original complete–tsu PICODptq requires at least m´ s
transmissions, i.e., `˚ ě m´ s “ mintm´ s, s` tu.
Case m ą 2s ` t: The proof is by contradiction. Assume there exists a D1 such that
|MAISpD1q| “ s ` t ´ 1 and, without loss of generality, that the maximum acyclic induced
subgraph is formed by users with desired messages rs ` t ´ 1s. Specifically, we have users
ui, i P rs` t´1s such that di “ i and dj R Ai for any j, i P rss, j ą i (by the definition of MAIS
and its induced partial order).
Let U 1 index the users whose side information is a subset of rs ` t : ms, i.e., i P U 1 if
Ai Ă rs` t : ms. Apparently 1 P U 1. We distinguish the following two cases.
Proposition 7.(m ą 2s`t).Case1: If there is a user ui P U 1 with desired message di P rs`t : ms,
we have dj R At for all j P rss. Thus users ui, u1, u2, . . . , us`t´1 form an acyclic induced subgraph
of length s` t. This contradicts to the assumption that |MAISpD1q| “ s` t´ 1.
Proposition 7.(m ą 2s` t).Case2: For all i P U 1 we have di P rss. By a similar reasoning as in
proof of Proposition 6, we can show that there exists a user who can decode s ` t messages.
This again contradicts the assumption that |MAISpDq| “ s` t´ 1.
By combining Proposition 7.(m ą 2s ` t).Case1 and Proposition 7.(m ą 2s ` t).Case2, we
conclude that |MAISpDq| ą s. By Properties MAIS-P1 and MAIS-P2 we thus have `˚ ě s` t “
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mintm´ s, s` tu.
The achievability follows directly the schemes in Proposition 1. Since |S| “ 1, no partition is
needed.
VI. COMPLETE–S PICODptq WHERE S IS CONSECUTIVE: PROOF OF THEOREM 2
With Proposition 7, we are ready to prove Theorem 2 in full generality. We consider the
following three cases.
s = 0
s = bm  t
2
c
s = dm  t
2
e
s = m  t
S
(a) smax ď rpm´ tq{2s´ 1.
s = 0
s = bm  t
2
c
s = dm  t
2
e
s = m  t
S
(b) smin ě tpm´ tq{2u.
s = 0
s = bm  t
2
c
s = dm  t
2
e
s = m  t
S
(c) smin ď tpm´tq{2u´1 ď rpm´
tq{2s ď smax.
Fig. 3: Various layer representations.
A. Case smax ď rpm´ tq{2s: `˚ “ smax ` t
Drop all the users except those with side information set of size smax, thereby obtaining a
compete-tsmaxu PICODptq with m messages. The layer representation of this case is shown in
Fig. 3a, where the red layer is the one left after dropping users. For this system the optimal
number of transmissions lower bound by mintm´ smax, smax ` tu “ smax ` t (because smax ď
rpm` tq{2s in this case), which is a lower bound on the number of transmissions in the original
system. By Proposition 1, we have `˚ “ smax ` t.
B. Case smin ě tpm´ tq{2u: `˚ “ m´ smin
As for the case in Section VI-A, drop all the users except those with side information of size
smin, thereby obtaining a compete-tsminu PICODptq with m messages and optimal number of
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transmissions is mintm´ smin, smin ` tu “ m´ smin (because smin ě tpm´ tq{2u in this case).
By Proposition 1, we have `˚ “ m ´ smin. The layer representation of this case is shown in
Fig. 3b, where red layer is the one left after dropping users.
C. Case smin ď tpm´ tq{2u´ 1 ď rpm´ tq{2s ď smax
Define
δ :“ min
"
smax ´ rm´ t
2
s, t
m´ t
2
u´ smin
*
, (17)
m1 :“ m` 2δ ` rm´ t
2
s´ tm´ t
2
u, (18)
S 1 :“
„
t
m´ t
2
u´ δ : rm´ t
2
s` δ

. (19)
Drop all users except those with side information of size s P S 1 for S 1 in (19), thereby obtaining
a complete–S 1 PICODptq with m messages. The layer representation of this case is shown
in Fig. 3b, where red layers are the ones left after dropping users. Create dummy messages
Wrm`1:m1s, where dummy messages will not be desired by any user. To every user who was not
dropped, with side information of size s P S 1, give every prm´t
2
s` δ´ sq-subset of rm` 1 : m1s
as extra side information (where δ is defined in (17) and m1 in (18)); each such user generates`
m1´m
rm´t
2
s`δ´s
˘
new users. All the users created by this procedure form a complete–trm´t
2
s ` δu
PICODptq with m1 messages, whose optimal number of transmissions is
min
"
r
m´ t
2
s` δ ` t,m1 ´ prm´ t
2
s` δq
*
“ min
"
r
m´ t
2
s` δ ` t,m` 2δ ` rm´ t
2
s´ tm´ t
2
u´ rm´ t
2
s´ δ
*
“ δ ` t`min
"
r
m´ t
2
s,m´ t´ tm´ t
2
u
*
“ δ ` t` rm´ t
2
s
“ min
"
smax ´ rm´ t
2
s, t
m´ t
2
u´ smin
*
` t` rm´ t
2
s
“ min tsmax ` t,m´ sminu
“ `1.
Although the new system contains more users, any valid code for the original system works
for the new one. Therefore the optimal code length `1 is a lower bound on the optimal code
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length for the original system. This lower bound can be attained by the scheme described in
Proposition 1. This concludes Theorem 2.
VII. SOME OTHER COMPLETE–S PICODptq
The proofs in Section V-D start by dropping some users in the system. This shows that there
exists non-critical users that do not affect the optimal code length. Therefore, by adding non-
critical users, we can obtain a non-consecutive complete–S PICODptq where the proof used for
Theorem 2 can still provide a tight converse.
A. Proof of Proposition 2
The converse depends only on the users with side information of size smax. The code that
satisfies the complete–tsmaxu PICODptq, i.e., transmit smax ` t messages one at a time, also
satisfies all the users with smaller size of side information.
B. Proof of Proposition 3
The converse depends only on the users with side information of size smin. The code that
satisfies the complete–tsminu PICODptq, i.e., transmit m ´ smin linearly independent linear
combinations of all messages, also satisfies all the users with larger size of side information.
C. Proof of Proposition 4
The converse depends only on the users with side information of size in rtm´t
2
u´δ : rm´t
2
s`δs.
The code that satisfies the complete–rtm´t
2
u´ δ : rm´t
2
s` δs PICODptq also satisfies all the users
with larger size of side information set. That is, either transmit smax` t messages one at a time,
or m´ smin linearly independent linear combinations of all messages.
D. Proof of Proposition 5
Proposition 5 states that the achievable scheme in Proposition 1 is information theoretically
optimal for the complete–S PICODptq with m ď 5. The main idea behind these proofs follows
the one in converse proof of Theorem 1: construct a decoding chain by providing proper messages
to the user as genie, in a way that the user can mimic other users and decode the desired number
of messages. Table I lists the optimal code length `˚ of all complete–S PICODptq instances that
are not covered by Theorem 1 or Propositions 2, 3, 4.
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TABLE I: Complete–S PICODptq that are not covered by Theorem 1 or Propositions 2, 3, 4.
m “ 4 S “ t0, 2u t “ 1, 2 `
˚ “ t` 2
S “ t1, 3u t “ 1 `˚ “ 3
m “ 5
S “ t0, 3u t “ 1, 2 `˚ “ t` 2
S “ t1, 4u t “ 1 `˚ “ 3
S “ t1, 3u t “ 1, 2 `˚ “ 4
S “ t0, 1, 3u t “ 1, 2 `˚ “ 4
S “ t1, 3, 4u t “ 1 `˚ “ 4
S “ t0, 2, 3u t “ 1, 2 `˚ “ 4
S “ t0, 2, 4u t “ 1 `˚ “ 4
S “ t1, 2, 4u t “ 1 `˚ “ 4
Unfortunately, the converse proofs are based on a case-by-case reasoning, i.e., constructively
find a user that can decode a certain number of messages. We could not straightforwardly
extended these proof to the complete–S PICODptq for general m. Here we show proofs of two
cases. The other cases can be proved using the similar methods.
a) Proposition 5.Case1: We show that for the complete–S PICODp1q where S “ t1, 3u
and m “ 5, the optimal code has length `˚ “ 4. We do so by proving the existence of a user
with one message in its side information set who can decode the remaining 4 messages.
By Proposition 7, there exists a user, say u1, with side information set of size 1, say A1 “ t1u,
who can decode 2 messages, say B1 Ě t2, 3u. User u1 thus can mimic user u2 with side
information A2 “ t1, 2, 3u and decode its desired message. Therefore user u1 can decode at
least 3 messages, |B1| ě 3.
Denote the last message that has not been decoded by user u1 as w5. Now, if w5 is desired
by some users, i.e., we have a user u3 with d3 “ 5, user u1 can mimic user u3 and decode w5
since A3 Ă r4s. Therefore user u1 can decode 4 messages and `˚ ě 4.
Otherwise, w5 is not desired by any users in the system. Since the message that is not desired
by any users does not have any effect, by deleting it, the system becomes the complete–r0 : 3s
PICODp1q with m “ 4. By Theorem 1 we have the user with A “ t5u can decode 4 messages
and `˚ ě 4.
We apply the achievability for the complete–t1, 2, 3u PICODp1q. This achievability works
since t1, 3u Ă t1, 2, 3u. By Theorem 2 we have `˚ ď 4. This proves the optimality of `˚ “ 4
transmissions.
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Note: the existence proof based on block cover, as used for Proposition 6, is also workable
for Proposition 5 as well.
b) Proposition 5.Case2: We show that for the complete–S PICODp1q problem where S “
t0, 2, 4u and m “ 5, the optimal code has length `˚ “ 4. The following lemma, which is a
refined version of Proposition 7, is used in the proof.
Lemma 2. For a complete–tsu PICODptq with m messages, let A1 Ă rms, |A1| ď s, UA1 be the
group of users who have A1 in their side information, i.e., ui P UA1 if and only if A1 Ď Ai. For
any A1, there exists a user in UA1 that can decode at least mintm ´ s, s ` t ´ |A1|u messages.
Note: Proposition 7 is the case A1 “ H.
Proof of Lemma 2: The users in UA1 alone can be seen as the users in a new complete–S 1
PICODptq, where S 1 “ ts´ |A1|u, m1 “ m´ |A1|. By Proposition 7 we have that there exists a
user in this system that can decode mints1 ` t,m1 ´ s1u “ mints ` t ´ |A1|,m ´ su messages.
The above argument holds for all A1 Ă rms, |A1| ď s.
Back to the proof of Proposition 5.Case2. We show that by giving one message as a genie,
the user with no side information can decode the other 4 messages.
Since every user can decode one message, user u1 with A1 “ H can decode message wd1 . By
Lemma 2, we see that there exists a user u2 P Utd1u that can decode 2 messages, where Utd1u is
the group of users who have side information sets of size 2 and wd1 in their side information
sets. Without loss of generality let A2 “ td1, 2u and the two messages that u2 can decode be
w3, w4, d1 R t2, 3, 4u. Therefore, giving message w2 to user u1 allows it to decode w3, w4. Also,
there exists a user with side information td1, 2, 3, 4u and decodes wd5 R td1, 2, 3, 4u. So user u1
can decode wd5 as well. Overall, user u1 can decode 4 messages with the proper genie w2. The
code length is therefore lower bounded by `˚ ě 4.
For the achievability, we split the users into two groups: S1 “ t0, 2u where users have side
information of size 0 or 2; S2 “ t4u where users have side information of size 4. By Proposition 2
we can satisfy all users in S1 with 3 transmission; by Proposition 7 we can satisfy all users in
S2 with one transmission. In total we use 4 transmissions to satisfy all users.
VIII. PROOF OF THEOREM 3
In this section, we prove a tight converse bound on the optimal code length for PICODp1q
with circular-arc network topology hypergraph. We start by introducing some graph theory
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terminology.
A. Graph Preliminaries
Let H “ pV, Eq denote a hypergraph with vertex set V and edge set E , where an edge E P E
is a subset of V , i.e., E Ď V . The hypergraph is called r-uniform if all edges have cardinality
r, i.e., |E| “ r, @E P E . For R Ď r|V |s, the hypergraph is called R-uniform if all edges have
cardinality of some r P R, i.e., |E| P R, @E P E . The hypergraph is called complete r-uniform
if all edges with cardinality r exit, i.e., for all E such that |E| “ r, E Ď V , we have E P E .
The hypergraph is called complete R-uniform if all edges with cardinality r P R exist. The dual
hypergraph H˚ “ pV ˚, E˚q of H is a hypergraph where the vertices and edges are interchanged,
i.e., E˚ “ V , V ˚ “ E .
The degree of a vertex v P V is the number of its incident edges, i.e., δpvq “ |tE : v P E,E P
Eu|. The hypergraph is called k-regular if the degree of all vertices is k. A factor of H is a
spanning edge induced subgraph of H , i.e., an edge induced subgraph of H with the same vertex
set of V . A k-factor is a factor which is k-regular. A hypergraph H is called an circular-arc
hypergraph if there exists an ordering of the vertices v1, v2, . . . , vn such that if vi, vj, i ď j, then
the vq for either all i ď q ď j, or all q ď i and q ě j, are incident to an edge E.
For a PICODptq, its network topology hypergraph is a hypergraph H “ pV, Eq such that: i)
V “ tu1, . . . , unu, i.e., vertices represent the users; ii) E “ tE1, . . . , Emu, i.e., edges represent
the messages; iii) ui P Ej if wj R Ai, i.e., a vertex is incident to an edge if the user does not
have the message in the side information. This definition of network topology hypergraph is a
generalization of the network topology graph in [14].
Note that the network topology hypergraph is defined solely on user set U , message set W , and
side information sets A. For the IC, the network topology hypergraph does not uniquely define
an instance of the problem, since it does not contain the information about desired message sets
of the users. However, the network topology hypergraph uniquely defines a PICODptq due to
the property that the PICODptq does not specify the desired messages for the users.
B. On the Optimality of a Single Transmission
We give the necessary and sufficient condition on the network topology hypergraph of a
PICODp1q problem for which one transmission is optimal. This result applies to all PICODp1q
instances, thus serves as a general converse bound for the PICODp1q.
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Proposition 8. A PICODp1q with m messages has `˚ “ 1 if and only if its network topology
hypergraph has a 1-factor. Otherwise `˚ ě 2.
Proof of Proposition 8:
Achievability: The network topology hypergraph H has a 1-factor if it has an edge induced
sub-hypergraph whose vertices are the same as the vertices of H and all have degree one. In
other words, in this induced sub-hypergraph all vertices are adjacent to one and only one edge.
Since H is the network topology hypergraph, its vertices represent users and edges represent
messages. A vertex is adjacent to an edge if and only if the user does not have that message
in its side information set. For the PICODp1q, that message can be a desired message by the
incident users. Therefore, among all the messages corresponding to the edges in the 1-factor,
every user has one and only one message that is not in its side information set. Transmitting the
sum of all these messages satisfies all users. By this transmission scheme we achieve `˚ “ 1,
which is clearly optimal.
Converse: We aim to show that if the network topology hypergraph does not have a 1-factor
hypergraph, then we can construct a user that can decode two messages, thus two transmissions
are needed. For any valid code, consider the sub-hypergraph induced by the edges corresponding
to all the desired messages by all users, i.e., the edge induced sub-hypergraph of H where the
edges correspond to the messages that are decoded by at least one user. This sub-hypergraph is
always a factor, i.e., a spanning sub-hypergraph, since all users can decode at least one message
in a PICODp1q. Assume no 1-factor exists in H , that is, there exists a vertex whose degree is at
least 2 in the sub-hypergraph. In other words, for all choices of desired messages at the users,
there exists a pair of users u1 and u2 with desired messages wd1 and wd2 such that d2 R A1. We
therefore have A1 Ď rmsztd1, d2u. Given any valid code, a user u1 with A1 “ rmsztd1, d2u can
mimic user u1 then user u2, thus can decode wd1 , wd2 . By Lemma 1, we conclude that `
˚ ě 2.
C. Proof of Theorem 3
We show a case where the converse proposed in Proposition 8 is tight by proposing an
achievable scheme based on the properties of a circular-arc hypergraph. First, in Lemma 3 we
show the following fact: if two edges, say Ei and Ej , are “close” in E with a nonzero gap
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E2(2)<latexit sha1_base64="Xgcvz4N4leQprQcFRv/Iq2aKEZ8=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRahXspuEfRYFMFjBfsB7VqyabYNzSZLkhXKsj/DiwdF vPprvPlvTNs9aOuDgcd7M8zMC2LOtHHdb6ewtr6xuVXcLu3s7u0flA+P2lomitAWkVyqboA15UzQlmGG026sKI4CTjvB5Gbmd56o0kyKBzONqR/hkWAhI9hYqXc7SOuPabV+nmWDcsWtuXOgVeLlpAI5moPyV38oSRJRYQjHWvc8NzZ+ipVhhNOs1E80jTGZ4BHtWSpwRLWfzk/O0JlVhiiUypYwaK7+nkhxpPU0CmxnhM1YL3sz8T +vl5jwyk+ZiBNDBVksChOOjESz/9GQKUoMn1qCiWL2VkTGWGFibEolG4K3/PIqaddrnlvz7i8qjes8jiKcwClUwYNLaMAdNKEFBCQ8wyu8OcZ5cd6dj0VrwclnjuEPnM8fPP+Qjw==</latexit><latexit sha1_base64="Xgcvz4N4leQprQcFRv/Iq2aKEZ8=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRahXspuEfRYFMFjBfsB7VqyabYNzSZLkhXKsj/DiwdF vPprvPlvTNs9aOuDgcd7M8zMC2LOtHHdb6ewtr6xuVXcLu3s7u0flA+P2lomitAWkVyqboA15UzQlmGG026sKI4CTjvB5Gbmd56o0kyKBzONqR/hkWAhI9hYqXc7SOuPabV+nmWDcsWtuXOgVeLlpAI5moPyV38oSRJRYQjHWvc8NzZ+ipVhhNOs1E80jTGZ4BHtWSpwRLWfzk/O0JlVhiiUypYwaK7+nkhxpPU0CmxnhM1YL3sz8T +vl5jwyk+ZiBNDBVksChOOjESz/9GQKUoMn1qCiWL2VkTGWGFibEolG4K3/PIqaddrnlvz7i8qjes8jiKcwClUwYNLaMAdNKEFBCQ8wyu8OcZ5cd6dj0VrwclnjuEPnM8fPP+Qjw==</latexit><latexit sha1_base64="Xgcvz4N4leQprQcFRv/Iq2aKEZ8=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRahXspuEfRYFMFjBfsB7VqyabYNzSZLkhXKsj/DiwdF vPprvPlvTNs9aOuDgcd7M8zMC2LOtHHdb6ewtr6xuVXcLu3s7u0flA+P2lomitAWkVyqboA15UzQlmGG026sKI4CTjvB5Gbmd56o0kyKBzONqR/hkWAhI9hYqXc7SOuPabV+nmWDcsWtuXOgVeLlpAI5moPyV38oSRJRYQjHWvc8NzZ+ipVhhNOs1E80jTGZ4BHtWSpwRLWfzk/O0JlVhiiUypYwaK7+nkhxpPU0CmxnhM1YL3sz8T +vl5jwyk+ZiBNDBVksChOOjESz/9GQKUoMn1qCiWL2VkTGWGFibEolG4K3/PIqaddrnlvz7i8qjes8jiKcwClUwYNLaMAdNKEFBCQ8wyu8OcZ5cd6dj0VrwclnjuEPnM8fPP+Qjw==</latexit><latexit sha1_base64="Xgcvz4N4leQprQcFRv/Iq2aKEZ8=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRahXspuEfRYFMFjBfsB7VqyabYNzSZLkhXKsj/DiwdF vPprvPlvTNs9aOuDgcd7M8zMC2LOtHHdb6ewtr6xuVXcLu3s7u0flA+P2lomitAWkVyqboA15UzQlmGG026sKI4CTjvB5Gbmd56o0kyKBzONqR/hkWAhI9hYqXc7SOuPabV+nmWDcsWtuXOgVeLlpAI5moPyV38oSRJRYQjHWvc8NzZ+ipVhhNOs1E80jTGZ4BHtWSpwRLWfzk/O0JlVhiiUypYwaK7+nkhxpPU0CmxnhM1YL3sz8T +vl5jwyk+ZiBNDBVksChOOjESz/9GQKUoMn1qCiWL2VkTGWGFibEolG4K3/PIqaddrnlvz7i8qjes8jiKcwClUwYNLaMAdNKEFBCQ8wyu8OcZ5cd6dj0VrwclnjuEPnM8fPP+Qjw==</latexit>
E3(2)
<latexit sha1_base64="VbnbKe2MqAKFryC+dPBZjeK1KTc=">AAAB8nicbV BNSwMxEJ31s9avqkcvwSLUS9mtgh6LInisYD9gu5Zsmrah2WRJskJZ9md48aCIV3+NN/+NabsHbX0w8Hhvhpl5YcyZNq777aysrq1vbBa2its7u3v7pYPDlpaJI rRJJJeqE2JNORO0aZjhtBMriqOQ03Y4vpn67SeqNJPiwUxiGkR4KNiAEWys5N/20vPHtFI7y7JeqexW3RnQMvFyUoYcjV7pq9uXJImoMIRjrX3PjU2QYmUY4TQrd hNNY0zGeEh9SwWOqA7S2ckZOrVKHw2ksiUMmqm/J1IcaT2JQtsZYTPSi95U/M/zEzO4ClIm4sRQQeaLBglHRqLp/6jPFCWGTyzBRDF7KyIjrDAxNqWiDcFbfHmZ tGpVz6169xfl+nUeRwGO4QQq4MEl1OEOGtAEAhKe4RXeHOO8OO/Ox7x1xclnjuAPnM8fPoqQkA==</latexit><latexit sha1_base64="VbnbKe2MqAKFryC+dPBZjeK1KTc=">AAAB8nicbV BNSwMxEJ31s9avqkcvwSLUS9mtgh6LInisYD9gu5Zsmrah2WRJskJZ9md48aCIV3+NN/+NabsHbX0w8Hhvhpl5YcyZNq777aysrq1vbBa2its7u3v7pYPDlpaJI rRJJJeqE2JNORO0aZjhtBMriqOQ03Y4vpn67SeqNJPiwUxiGkR4KNiAEWys5N/20vPHtFI7y7JeqexW3RnQMvFyUoYcjV7pq9uXJImoMIRjrX3PjU2QYmUY4TQrd hNNY0zGeEh9SwWOqA7S2ckZOrVKHw2ksiUMmqm/J1IcaT2JQtsZYTPSi95U/M/zEzO4ClIm4sRQQeaLBglHRqLp/6jPFCWGTyzBRDF7KyIjrDAxNqWiDcFbfHmZ tGpVz6169xfl+nUeRwGO4QQq4MEl1OEOGtAEAhKe4RXeHOO8OO/Ox7x1xclnjuAPnM8fPoqQkA==</latexit><latexit sha1_base64="VbnbKe2MqAKFryC+dPBZjeK1KTc=">AAAB8nicbV BNSwMxEJ31s9avqkcvwSLUS9mtgh6LInisYD9gu5Zsmrah2WRJskJZ9md48aCIV3+NN/+NabsHbX0w8Hhvhpl5YcyZNq777aysrq1vbBa2its7u3v7pYPDlpaJI rRJJJeqE2JNORO0aZjhtBMriqOQ03Y4vpn67SeqNJPiwUxiGkR4KNiAEWys5N/20vPHtFI7y7JeqexW3RnQMvFyUoYcjV7pq9uXJImoMIRjrX3PjU2QYmUY4TQrd hNNY0zGeEh9SwWOqA7S2ckZOrVKHw2ksiUMmqm/J1IcaT2JQtsZYTPSi95U/M/zEzO4ClIm4sRQQeaLBglHRqLp/6jPFCWGTyzBRDF7KyIjrDAxNqWiDcFbfHmZ tGpVz6169xfl+nUeRwGO4QQq4MEl1OEOGtAEAhKe4RXeHOO8OO/Ox7x1xclnjuAPnM8fPoqQkA==</latexit><latexit sha1_base64="VbnbKe2MqAKFryC+dPBZjeK1KTc=">AAAB8nicbV BNSwMxEJ31s9avqkcvwSLUS9mtgh6LInisYD9gu5Zsmrah2WRJskJZ9md48aCIV3+NN/+NabsHbX0w8Hhvhpl5YcyZNq777aysrq1vbBa2its7u3v7pYPDlpaJI rRJJJeqE2JNORO0aZjhtBMriqOQ03Y4vpn67SeqNJPiwUxiGkR4KNiAEWys5N/20vPHtFI7y7JeqexW3RnQMvFyUoYcjV7pq9uXJImoMIRjrX3PjU2QYmUY4TQrd hNNY0zGeEh9SwWOqA7S2ckZOrVKHw2ksiUMmqm/J1IcaT2JQtsZYTPSi95U/M/zEzO4ClIm4sRQQeaLBglHRqLp/6jPFCWGTyzBRDF7KyIjrDAxNqWiDcFbfHmZ tGpVz6169xfl+nUeRwGO4QQq4MEl1OEOGtAEAhKe4RXeHOO8OO/Ox7x1xclnjuAPnM8fPoqQkA==</latexit>
Fig. 4: Two transmissions scheme for circular-arc network topology hypergraph PICODptq.
between them, then there exists an edge in E that “covers” the whole gap between Ei and Ej .
This fact will be used in Theorem 3 to design a two-transmission achievable scheme.
Lemma 3. Assume a circular-arc hypergraph H without isolated vertices and where the vertices
are in a cyclic order tv1, v2, . . . , vnu. Assume there exist two edges Ei “ tvi1 , . . . , vipu and
Ej “ tvj1 , . . . , vjqu that satisfy the following two conditions: Condition1) ip ` 1 ă j1, and
Condition2) every edge that contains any vertices in tvip`1, . . . , vj1´1u contains vip . Then, there
exists an edge Ek such that tvip`1, . . . , vj1´1u Ď Ek.
Proof of Lemma 3: Since H does not have any isolated vertices, there exists Ek P E such
that vj1´1 P Ek. By the Condition2 we have vip P Ek. By the property of circular-arc hypergraph
(if vip and vj1´1 are contained in Ek, all the vertices between are contained in Ek as well) we
have tvip`1, . . . , vj1´1u Ď Ek.
Proof of Theorem 3: We propose an achievable scheme that uses two transmissions to
satisfy all users for all PICODp1q instances with circular-arc network topology hypergraph. The
scheme consists two steps.
a) Theorem 3.Step1: Given a PICODptq with network topology hypergraphas a circular-arc
hypergraph, we notice that:
‚ No vertex is isolated.
‚ There might exists an edge that is as a proper subset of another edge.
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We drop those edges that are proper subsets of the union of other edges, obtaining the edge set
E . In other words, |EizpYj‰iEjq| ą 0, @Ei, Ej P E . The achievability scheme based on E will
be valid for the original problem setting as well (since we are restricted to use less messages to
satisfy all users). The edge induced subgraph by E has no isolated vertex as well.
Algorithm 1: Algorithm for finding E p1q in Step1.
Data: User set: V “ tv1, . . . , vnu, message set: E .
Result: Message set: E p1q “ tE1p1q , . . . Eep1qu.
Initialization: set i “ 1, E p1q “ H.
while i ď n do
Seek an edge that starts at vi, i.e., an edge that is tvi, . . . u;
if Such an edge is found then
Let E p1q include be the edge found;
i becomes the index of the vertex right after the found edge, that is, the edge
t. . . , vi´1u ;
else
i “ i` 1;
end
end
In Step1 we find a set of messages E p1q Ď E by using Algorithm 1. The blue solid arcs in
Fig. 4 show an example of E p1q found by Algorithm 1.
Denote the cardinality of E p1q as e :“ |E p1q|. We claim that E p1q has the following properties:
‚ Eip1q X Ejp1q “ H, for all i, j P res, pi, jq ‰ p1, eq and pi, jq ‰ pe, 1q.
‚ For all i, j P re´ 1s, Eip1q “ tvip1q1 , . . . , vip1qei u, Ejp1q “ tvjp1q1 , . . . , vjp1qej u, if i
p1q
ei ` 1 ă jp1q1 , we
have an edge Eip2q P E such that tvip1qei , . . . , vjp1q1 u.
The first property holds since the algorithm chooses adjacent edges in E p1q that are disjoint and
there is possibly nonempty intersection between E1p1q and Ee. The second property holds by
Lemma 3.
In the first transmission we send the sum of the messages in E p1q, i.e., řei“1wi. The users
who are satisfied are in YEiPEp1qEizpE1p1q XEeq. In the network topology hypergraph, these are
the users that are “spanned” by these edges, excluding the users whose vertices are in E1p1qXEe
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where E1p1q X Ee ‰ H. Therefore we are left with the users whose corresponding vertices are
contained in pUzpYEp1qEip1qqq Y pE1p1q X Eeq.
b) Theorem 3.Step2: The users who are not satisfied by the first transmission are the users
whose side information sets contain either all the chosen messages in Theorem 3.Step1, or both
w1p1q and we. In other words, in the network topology hypergraph, they are the users who lie
“in between” the edges, or in the intersection of the first and last edges, in E p1q chosen in the
previous step.
As we have shown in the second property of E p1q in Theorem 3.Step1, for the unsatisfied
users between Eip1q P E p1q and Epi`1qp1q P E p1q, there exists an edge Eip2q that includes all those
users. Therefore, we find a set of edges E p2q “ tE1p2q , . . . , Epe´1qp2qu such that UzpYEp1qEip1qq Ď
YEiPEp2qEi. In Fig. 4 they are the edges represented by the red dashed arcs. Note that all edges
in E p2q are pairwise disjoint, since if Eip2q X Ei`1p2q ‰ H then we have Eip1q Ď Ei´1p2q Y Eip2q ,
i.e., |Eip1qzpYj‰ip1qEjq| “ 0. This is forbidden since we dropped the messages at the beginning
of the Step1. Moreover, pE1p1q X Ee1q X E1p2q “ H and pE1p1q X Ee1q X Epe´1qp2q “ H by the
same reasoning.
In the second transmission, we send the sum
´ře´1
j“1 wjp2q
¯
` w1p1q . The users that are not
satisfied yet by the first transmission have all but one of the messages in tw1p2q , . . . , wk´1p2q , w1p1qu
in their side information sets. Therefore all the unsatisfied user after Theorem 3.Step1 can be
satisfied by the second transmission. All the users are satisfied with two transmissions.
This, together with the converse in Proposition 8, concludes the proof of Theorem 3.
IX. CONCLUSION AND FUTURE WORKS
In this paper we provided tight information theoretic converse bounds for some classes of
PICODptq problems. The key idea for our converse is to show that for the PICODptq with
a certain structure of the side information sets, regardless of the choice of desired message
sets at the users, there exists a user that can decode a certain number of messages beside its
t desired ones. We showed two methods to prove the existence of such a user: constructive
proof and existence proof. The constructive proof works for the PICODptq with circular-arc
network topology hypergraph, and for the complement-consecutive complete–S PICODptq with
m messages where S “ r0 : m´ tszrsmin : smaxs, 0 ă smin ď smax ă m´ 1. The existence proof
works for the consecutive complete–S PICODptq with m messages where S “ rsmin : smaxs, 0 ď
smin ď smax ď m´ 1.
October 10, 2018 DRAFT
35
The key idea for the existence proof was inspired by the similarity of the side information
set structure of the consecutive complete–tsu PICODptq to Steiner systems in combinatorial
design. Combinatorial design studies the properties of a family of subsets, called blocks, that
cover all s-element subsets of the same ground set; the results are usually established on the
high symmetry of the structure of all s-element subsets. We introduced the idea of block cover
as a tool for the converse proof, together with the classical MAIS for the IC problem. We solved
first the critical complete–tsu PICODptq with m “ 2s ` t messages, where we showed that a
block cover with maximum block size strictly less than m “ 2s` t does not exist. For the other
considered cases, we showed that we can enhance the system to a critical one.
Open problems and future directions include:
‚ The main contribution of this work are methods to prove the existence of a user that can
decode a certain number of messages: constructive and existence proofs. While the later
shows an advantage over the former on the complexity of the proof, it is based on the strong
symmetric structure of the side information set of the users. Like combinatorial design, for
the result to hold we need exactly all the s-element subsets of ground set rms. Therefore, this
method suits the complete–tsu PICODptq. For the other cases, we need some extra tools. We
showed the proof for the consecutive complete–S PICODptq by a reduction to the critical
case. However, it appears that not all the PICODptq, even all complete–S PICODptq, can be
reduced in the same fashion without loss of optimality in terms of the code length. Therefore
we still lack an efficient method to obtain a general optimal converse bound for the general
PICODptq. In Section VII-D we showed the optimality of the proposed achievability up to
m “ 5 for the complete–S PICODptq. The converse is obtained by checking all the cases
that are not covered by the Theorem 1 or Propositions 2, 3, 4. Therefore the method is not
systematic and straightforwardly generalizable to general m. The information theoretical
optimal code length for the general complete–S PICODptq with m messages is still open.
‚ We notice that in the complete–S PICODptq considered in this work, removing/adding some
users does not change the optimal code length. In fact, in some cases (e.g., S “ r0 : m{2s)
roughly half of the users can be removed without affecting `˚. These users can be considered
as “non-critical”, in contrast to other “critical” users who will change the optimal code length
if removed/added. The PICODptq is called “critical” if all of its users are critical. We see the
“critical” consecutive complete–S PICODptq are those with m ě smin ` smax ` t. In other
words, the ones with “small” size of side information/number of desired messages. In this
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case the optimal code length smax` t. For this setting, removing any single user reduces the
optimal code length by 1. If m ă smin`smax`1, there are řsmaxs“smin `ms ˘´`2m´2smin´1m´smin´1 ˘ users
are non-critical. It is worth to mention that due to the symmetric structure of the complete–S
PICODptq where |S| “ 1, all users are essentially the same, i.e., all users are critical if any
user is critical. The question about the critical users in the PICODptq is interesting because
it shows the redundancy embedded in the system structure. The condition for a complete–S
PICODptq to be critical, the number of its non-critical users, and in general, the condition
to be critical for the general PICODptq, are the topics of future works for the PICODptq.
‚ In the PICOD formulation adopted in this work, the server broadcasts information to all users
based on the knowledge all messages in the database. Another practically motivated scenario
includes peer-to-peer/distributed models where users broadcast information based on their
side information set. The converse bounds developed in this work are also converse bounds
for peer-to-peer/distributed model with the same parameters. The open question is whether
this “trivial” converse bound can be achieved. Surprisingly, it appears that for the consecutive
and complement-consecutive complete–S PICODptq that we have solved, as long as the
problem is “pliable,” i.e., there are indeed multiple choices of desired messages that satisfy
the users, than the tight results in this paper are tight for the peer-to-peer/distributed model.
One of the open questions is to quantify the optimal code length is the non-pliable cases
for the complete–S PICODptq, where the problem reduces to a distributed index coding
problem [10].
APPENDIX
Lemma 4. For s`1 arbitrary subsets Bi from a ground set of size s, there exists a set P Ď rs`1s
such that | XiPP Bi| “ |P | ´ 1.
The proof of Lemma 4 is based on induction on s (the size of the ground set in this Lemma)
and the following Lemma 5.
Lemma 5. Let B1, B2, . . . , Bx are non-empty subsets of set tv1, v2, . . . , vyu, for some positive
integers x, y. Let Cj be the collection of subsets that contain vj , i.e., vj P Bi if and only if
i P Cj . Let cj “ |Cj|. There always exists a pair pi, jq such that cj|Bi| ě xy and vj P Bi.
Proof of Lemma 5: Construct a xˆy matrix W . wij “ 1{|Bi| if vj P Bi, otherwise wij “ 0.
Since |Bi| ‰ 0 for all i, matrix W can be constructed. Note that the sum of each row is one. We
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have the summation of all elements in W is
ř
iPrxs,jPryswij “
ř
iPrxsp
ř
jPryswijq “ x, which is
the number of rows. The summation of all elements in W can also be obtained by adding up the
summation of the columns. Since there are y columns, there exists a column whose summation
is no less than the average, i.e., exists j such thatÿ
kPrxs
wkj “
ÿ
k:vjPBk
1
|Bk| ě
x
y
. (20)
Let Bi be the smallest subset that contains vj . We haveÿ
k:vjPBk
1
|Bk| ď
ÿ
k:vjPBk
1
|Bi| “
cj
|Bi| . (21)
Therefore, for the pair pi, jq we have vj P Bi and
cj
|Bi| ě
x
y
. (22)
Proof of Lemma 4: When |Bi| “ 0 for some i, take P “ tiu, we have | XiPP Bi| “
0 “ |P | ´ 1. Lemma 4 is proven. Therefore we just need to consider the case where all Bi are
non-empty.
For the initial case s “ 1 the statement in Lemma 4 is true. It can be easily seen since
B1 “ B2 “ t1u (this is the only s ` 1 “ 2 non empty subsets from a ground set of cardinality
s “ 1). Take P “ r2s; we have | XiPr2s Bi| “ 1 “ 2´ 1.
Assume the statement in Lemma 4 is true for all s ď t ´ 1. We construct a P such that
| XiPP Bi| “ |P | ´ 1 for s “ t. In Lemma 5, substitute x by s ` 1 and y by s, we have a pair
pi, jq such that j P Bi and cj|Bi| ě s`1s , where cj “ |Cj| and Cj Ď rs`1s is the collection of subsets
that contain j. By reordering the labels, without loss of generality, let i “ 1 and Bi “ B1 “ rjs.
Since cj|B1| ě s`1s ą 1, we have cj ą j, |Cjzt1u| ą j´1. Consider B1i1 :“ Bi1Xrj´1s, i1 P Cjzt1u
where B1i1 are subsets of rj´1s. Since j´1 ă s, by the inductive hypothesis there exists P 1 such
that | Xi1PP 1 B1i1 | “ |P 1| ´ 1. Let P “ P 1 Y t1u. Note that j P Bq for all q P P and k R XqPPBq
for all k P rj` 1 : ss. We have XqPPBq “ Xj1P 1 Ytju. Then | XqPP Bq| “ |P 1| ´ 1` 1 “ |P | ´ 1
as |P | “ |P 1| ` 1.
Therefore we can always find a P such that | XiPP Bi| “ |P | ´ 1 for all positive integer s.
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